1 Introduction

On September 6, 1492, Christopher Columbus set off from the Canary
Islands and sailed westward in an attempt to find a new trade route between
Europe and the Far East. On October 12, after five weeks of sailing across the
Atlantic, land was sighted. Columbus had never been to the Far East, so
when he landed in Central America (“the West Indies”) he believed that he
had indeed discovered a new route to the Far East. Not until twenty-nine
years later did Magellan finally discover the westward route to the Far East
by sailing south around South America.

Columbus’ decision to sail west from the Canary Islands was arguably
one of the bravest decisions ever made by an explorer. But was it rational?
Unlike some of his contemporaries, Columbus believed that the earth is
arather small sphere. Based on his geographical assumptions, he estimated
the distance from Europe to East India to total 2,300 miles. The actual
distance is about 12,200 miles, which is more than five times farther than
Columbus thought. In the fifteenth century, no ship would have been able
to carry provisions for such a long journey. Had America not existed, or had
the earth been flat, Columbus would certainly have faced a painful death.
Was it really worth risking everything for the sake of finding a new trade
route?

This book is about decision theory. Decision theory is the theory of
rational decision making. Columbus’ decision to set off westwards across
an unknown ocean serves as a fascinating illustration of what decision
theory is all about. A decision maker, in this case Columbus, chooses an act
from a set of alternatives, such as sailing westwards or staying at home.
The outcome depends on the true state of the world, which in many cases is
only partially known to the decision maker. For example, had the earth
been a modest-sized sphere mostly covered by land and a relatively small
and navigable sea, Columbus’ decision to sail westwards would have made
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him rich and famous, because the King and Queen of Spain had promised
him 10% of all revenue gained from a new trade route. However, Columbus’
geographical hypothesis turned out to be false. Although spherical, the
earth is much bigger than Columbus assumed, and Europe is separated
from the Far East by the huge American continents. Thus, in the fifteenth
century the westward route was not a viable option for Europeans wishing
to trade with the Far East. All this was unknown to Columbus. Despite this,
the actual outcome of Columbus’ decision was surprisingly good. When he
returned to Spain he gained instant fame (though no financial reward).
Another possible outcome would have been to never reach land again.
Indeed, a terrible way to die!

The decision problem faced by Columbus on the Canary Islands
in September 1492 can be summarized in the decision matrix shown in
Table 1.1. Note that the outcome of staying at home would have been the
same no matter whether his geographical hypothesis was true or not.

Since the second hypothesis turned out to be the true one, the actual
outcome of sailing westwards was that Columbus got famous but not rich.
However, it should be evident that the rationality of his decision depended
on all possible outcomes - every entry in the matrix matters. But how should
one use this basic insight for formulating more precise and useful theories
about rational decision making? In this book we will consider a number of
influential attempts to answer this question.

Roughly put, the ultimate aim of decision theory is to formulate hypoth-
eses about rational decision making that are as accurate and precise as
possible. If you wish to tell whether Columbus’ decision to sail westwards
was rational, or whether this is the right time to invest in the stock market,
or whether the benefit of exceeding the speed limit outweighs the risk of
getting caught, then this is the right subject for you. You think it is not
worth the effort? Well, that is also a decision. So if you want to find out

Table 1.1

Geographical There is some other  There is no land
hypothesis true land westwards westwards

Sail westwards  Rich and famous Famous but notrich  Dead
Do not Status quo Status quo Status quo
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whether the decision not to learn decision theory is rational, you must
continue reading this book. Don’t stop now!

1.1 Normative and Descriptive Decision Theory

Decision theory is an interdisciplinary project to which philosophers,
economists, psychologists, computer scientists and statisticians contribute
their expertise. However, decision theorists from all disciplines share
a number of basic concepts and distinctions. To start with, everyone agrees
that it makes sense to distinguish between descriptive and normative decision
theory. Descriptive decision theories seek to explain and predict how
people actually make decisions. This is an empirical discipline, stemming
from experimental psychology. Normative theories seek to yield prescrip-
tions about what decision makers are rationally required - or ought - to do.
Descriptive and normative decision theory are, thus, two separate fields of
inquiry, which may be studied independently of each other. For example,
from a normative point of view it seems interesting to question whether
people visiting casinos in Las Vegas ought to gamble as much as they do.
In addition, no matter whether this behavior is rational or not, it seems
worthwhile to explain why people gamble (even though they know they will
almost certainly lose money in the long run).

The focus of this book is normative decision theory. There are two
reasons for this. First, normative decision theory is of significant philoso-
phical interest. Anyone wishing to know what makes a rational decision
rational should study normative decision theory. How people actually
behave is likely to change over time and across cultures, but a sufficiently
general normative theory can be expected to withstand time and cultural
differences.

The second reason for focusing on normative decision theory is
a pragmatic one. A reasonable point of departure when formulating descrip-
tive hypotheses is that people behave rationally, at least most of the time.
It would be difficult to reconcile the thought that most people most of the
time make irrational decisions with the observation that they are in fact alive
and seem to lead fairly good lives - in general, most of us seem to do pretty
well. Moreover, if we were to discover that people actually behave irration-
ally, either occasionally or frequently, we would not be able to advise them
how to change their behavior unless we had some knowledge about
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normative decision theory. It seems that normative decision theory is better
dealt with before we develop descriptive hypotheses.

That said, normative and descriptive decision theory share some com-
mon ground. A joint point of departure is that decisions are somehow
triggered by the decision maker’s beliefs and desires. This idea stems from
the work of the Scottish eighteenth-century philosopher David Hume.
According to Hume, the best explanation of why Columbus set off west-
wards was that he believed it would be possible to reach the Far East by sailing
in that direction, and that he desired to go there more than he desired to stay
at home. Likewise, a possible explanation of why people bet in casinos is
that they believe that the chance of winning large amounts is higher than it
actually is and that they have a strong desire for money. In the twentieth
century much work in descriptive decision theory was devoted to formulat-
ing mathematically precise hypotheses about how exactly beliefs and
desires trigger choices. Unsurprisingly, a number of philosophers, econo-
mists and statisticians also proposed theories for how beliefs and desires
ought to be aggregated into rational decisions.

1.2 Rational and Right Decisions

A decision can be rational without being right and right without being
rational. This has been illustrated through many examples in history. For
instance, in the battle of Narva (on the border between Russia and what we
now call Estonia) on November 20, 1700, King Carl of Sweden and his 8,000
troops attacked the Russian army, led by Tsar Peter the Great. The tsar had
about ten times as many troops at his disposal. Most historians agree that
the Swedish attack was irrational, since it was almost certain to fail.
Moreover, the Swedes had no strategic reason for attacking; they could
not expect to gain very much from victory. However, because of an unex-
pected blizzard that blinded the Russian army, the Swedes won. The battle
was over in less than two hours. The Swedes lost 667 men and the Russians
approximately 15,000.

Looking back, the Swedes’ decision to attack the Russian army was no
doubt right, since the actual outcome turned out to be success. However,
because the Swedes had no good reason for expecting that they were going
to win, the decision was nevertheless irrational. Decision theorists are
primarily concerned with rational decisions rather than right ones.
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In many cases it seems impossible to foresee, even in principle, which act is
right until the decision has already been made (and even then it might be
impossible to know what would have happened had one decided differently).
It seems much more reasonable to claim that it is always possible to foresee
whether a decision is rational. This is because theories of rationality operate
on information available at the point in time the decision is made rather
than on information available at some later point in time.

More generally speaking, we say that a decision is right if and only if its
actual outcome is at least as good as that of every other possible outcome.
Furthermore, we say that a decision is rational if and only if the decision
maker chooses to do what she has most reason to do at the point in time at
which the decision is made. The kind of rationality we have in mind here is
what philosophers call instrumental rationality. Instrumental rationality
presupposes that the decision maker has some aim, such as becoming rich
and famous, or helping as many starving refugees as possible. The aim is
external to decision theory, and it is widely thought that an aim cannot in
itself be irrational, although it is of course reasonable to think that sets of
aims can sometimes be irrational, e.g. if they are mutually inconsistent.
Now, on this view, to be instrumentally rational is to do whatever one has
most reason to expect will fulfill one’s aim. For instance, if your aim is not to
get wet and it is raining heavily, you are rational in an instrumental sense if
you bring an umbrella or raincoat when going for a walk.

The instrumental, means-to-end notion of rationality has been criticized,
however. Philosopher John Rawls argues that an aim such as counting the
number of blades of grass on a courthouse lawn is irrational, at least as long
as doing so does not help to prevent terrible events elsewhere. Counting
blades of grass on a courthouse lawn is not important enough to qualify as
a rational aim. In response to this point it could perhaps be objected that
everyone should be free to decide for herself what is important in life.
If someone strongly desires to count blades of grass on courthouse lawns,
just for the fun of it, that might very well qualify as a rational aim.

1.3 Risk, Ignorance and Uncertainty

In decision theory, everyday terms such as risk, ignorance and uncertainty are
used as technical terms with precise meanings. In decisions under risk the
decision maker knows the probability of the possible outcomes, whereas in
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decisions under ignorance the probabilities are either unknown or nonexis-
tent. Uncertainty is used either as a synonym for ignorance, or as a broader
term referring to both risk and ignorance.

Although decisions under ignorance are based on less information than
decisions under risk, it does not follow that decisions under ignorance must
therefore be more difficult to make. In the 1960s, Dr. Christiaan Barnard in
Cape Town experimented on animals to develop a method for transplanting
hearts. In 1967 he offered 55-year-old Louis Washkansky the chance to
become the first human to undergo a heart transplant. Mr. Washkansky
was dying of severe heart disease and was in desperate need of a new heart.
Dr. Barnard explained to Mr. Washkansky that no one had ever before
attempted to transplant a heart from one human to another. It would there-
fore be meaningless to estimate the chance of success. All Dr. Barnard knew
was that his surgical method seemed to work fairly well on animals.
Naturally, because Mr. Washkansky knew he would not survive long with-
out a new heart, he accepted Dr. Barnard’s offer. The donor was a 25-year-old
woman who had died in a car accident the same day. Mr. Washkansky’s
decision problem is illustrated in Table 1.2.

The operation was successful and Dr. Barnard’s surgical method worked
quite well. Unfortunately, Mr. Washkansky died 18 days later from pneu-
monia, so he did not gain as much as he might have hoped.

The decision made by Mr. Washkansky was a decision under ignorance.
This is because it was virtually impossible for him (and Dr. Barnard) to
assign meaningful probabilities to the possible outcomes. No one knew
anything about the probability that the surgical method would work.
However, it was nevertheless easy for Mr. Washkansky to decide what to
do. Because no matter whether the new surgical method was going to
work on humans or not, the outcome for Mr. Washkansky was certain to
be at least as good as if he decided to reject the operation. He had nothing
to lose. Decision theorists say that in a case like this the first alternative
(to have the operation) dominates the second alternative. The concept of

Table 1.2

Method works Method fails

Operation Live on for some time Death
No operation Death Death
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dominance is of fundamental importance in decision making under
ignorance, and it will be discussed in more detail in Chapter 3.

Ever since Mr. Washkansky underwent Dr. Barnard’s pioneering
operation, thousands of patients all over the world have had their lives
prolonged by heart transplants. The outcomes of nearly all of these opera-
tions have been carefully monitored. Interestingly enough, the decision
to undergo a heart transplant is no longer a decision under ignorance.
Increased medical knowledge has turned this kind of decision into
a decision under risk. Recent statistics show that 71.2% of all patients
who undergo a heart transplant survive on average 14.8 years, 13.9%
survive for 3.9 years, and 7.8% for 2.1 years. However, 7.1% die shortly
after the operation. To simplify the example, we will make the somewhat
unrealistic assumption that the patient’s life expectancy after a heart
transplant is determined entirely by his genes. We will furthermore

suppose that there are four types of genes.

GroupI:  People with this gene die on average 18 days after the operation
(0.05 years).

Group II: ~ People with this gene die on average 2.1 years after the operation.

Group III:  People with this gene die on average 3.9 years after the operation.

Group IV: People with this gene die on average 14.8 years after the

operation.

Because heart diseases can nowadays be diagnosed at a very early
stage, and because there are several quite sophisticated drugs available,
patients who decline transplantation can expect to survive for about 1.5
years. The decision problem faced by the patient is summarized in
Table 1.3.

The most widely applied decision rule for making decisions under risk is
the principle of maximizing expected value. As will be explained in some
detail in Chapter 4, this principle holds that the total value of an act equals
the sum of the values of its possible outcomes weighted by the probability

Table 1.3

Group I: 7.1% Group II: 7.8% Group III: 13.9% Group IV: 71.2%

Operation 0.05 years 2.1 years 3.9 years 14.8 years
No operation 1.5 years 1.5 years 1.5 years 1.5 years
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for each outcome. Hence, the expected values of the two alternatives are as
follows.

Operation: (0.05-0.071) + (2.1-0.078) + (3.9 - 0.139) + (14.8 - 0.712) = 11
No operation: (1.5-0.071) + (1.5-0.078) + (1.5-0.139) + (1.5-0.712) = 1.5

Clearly, if the principle of maximizing expected value is deemed to be
acceptable, it follows that having an operation is more rational than not
having one, because 11 is more than 1.5. Note that this is the case
despite the fact that 7.1% of all patients die within just 18 days of the
operation.

1.4 Social Choice Theory and Game Theory

The decisions exemplified so far are all decisions made by a single decision
maker not taking into account what other decision makers are doing. Not all
decisions are like this. Some decisions are made collectively by a group, and
in many cases decision makers need to take into account what others are
doing. This has given rise to two important subfields of decision theory:
social choice theory and game theory.

Social choice theory seeks to establish principles for how decisions
involving more than one decision maker ought to be made. For instance,
in many countries (but unfortunately not all) political leaders are chosen
by democratic election. Voting is one of several methods for making social
choices. However, as will be explained in Chapter 13, the voting proce-
dures currently used in many democratic countries are quite unsatisfac-
tory from a theoretical perspective, because they fail to meet some very
reasonable requirements that such procedures ought to fulfill. This indi-
cates that the voting procedures we currently use may not be the best
ones. By learning more about social choice theory we can eventually
improve the way important decisions affecting all of us are made.
Naturally, the group making a social choice need not always be the people
of a nation; it could also be the members of, say, a golf club or a family.
The basic theoretical problem is the same: How do we aggregate the
divergent beliefs and desires of a heterogeneous set of individuals into
a collective decision? In order to avoid misunderstanding, it is worth
keeping in mind that collective entities, such as governments and
corporations, sometimes act as single decision makers. That is, not
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every act performed by a group is a social choice. For example, once the
government has been elected its decisions are best conceived of as deci-
sions taken by a single decision maker.

Game theory is another, equally important subfield of decision theory.
You are probably familiar with games such as chess and Monopoly, where
the outcome of your decision depends on what others do. Many other
decisions we make have the same basic structure. If your opponents are
clever enough to foresee what you are likely to do, they can adjust their
strategies accordingly. If you are rational, you will of course also adjust your
strategy based on what you believe about your opponent. Here is an exam-
ple, originally discussed by Jean-Jacques Rousseau: Two hunters can either
cooperate to hunt stag (which is a rather large animal that cannot be caught
by a single hunter) or individually hunt for hares. A hare is rather small and
can easily be caught by a single hunter. If the hunters cooperate and hunt
stag, each of them will get 25 1bs of meat; this is the best outcome for both
hunters. The worst outcome for each hunter is to hunt stag when the other
is hunting hare, because then he will get nothing. If the hunter decides to
hunt hare he can expect to get a hare of 5 Ibs. In Table 1.4 the numbers in
each box refer to the amount of meat caught by the first and second hunter,
respectively.

This game has become known as stag hunt. In order to analyze it, imagine
that you are Hunter 1. Whether it would be better to hunt stag or hare depends
on what you believe the other hunter will do. Note, however, that this also
holds true for the other hunter. Whether it would be better for him to hunt
stag or hare depends on what he believes you are going to do. If both of you
were fully confident that the other would cooperate, then both of you would
benefit from hunting stag. However, if only one hunter chooses to hunt stag
and the other does not cooperate, the hunter will end up with nothing. If you
were to hunt hare you would not have to worry about this risk. The payoff of
hunting hare does not depend on what the other hunter chooses to do.

Table 1.4

Hunter 2

stag hare

stag 25 1bs, 25 1bs 01bs, 51bs

Hunter1 e 5 Ibs, 0 Ibs 51bs, 5 Ibs
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The same point applies to the other hunter. If he suspects that you may not be
willing to cooperate it is safer to hunt hare. Rational hunters therefore have
to make a trade-off between two conflicting aims, viz. mutual benefit and
risk minimization. Each hunter is pulled toward stag hunting by considera-
tions of mutual benefit, and toward hare hunting by considerations of risk
minimization. What should we expect two rational players to do when playing
this game?

Many phenomena in society have a similar structure to the stag hunting
scenario. In most cases we are all better off if we cooperate and help each
other, but such cooperation can only occur if we trust our fellow citizens.
Unfortunately, we sometimes have little or no reason to trust our fellow
citizens. In such cases it is very likely that we will end up with outcomes
that are bad for everyone. That said, there are of course also cases in which
we tend to trust each other, even though the game has exactly the same
structure as stag hunt. For instance, David Hume (1739: III) observed
that, “Two men who pull at the oars of a boat, do it by an agreement or
convention, tho’ they have never given promises to each other.” Arguably,
the best outcome for both rowers is to cooperate, whereas the worst
outcome is to row alone while the other is relaxing. Hence, from a game-
theoretical point of view, stag hunting is similar to rowing. Why is it, then,
that most people tend to cooperate when rowing but not when hunting
stag? In Chapter 12 it will be explained that the answer has to do with the
number of times the game is repeated.

Before closing this section, a note about terminology is called for. I - and
many others - use the term decision theory both as a general term referring
to all kinds of theoretical inquiries into the nature of decision making,
including social choice theory and game theory, as well as a more narrow
term referring only to individual decisions made by a single individual not
considering the behavior of others. Whether the term is used in the general
or narrow sense is determined by context.

1.5 A Very Brief History of Decision Theory

The history of decision theory can be divided into three distinct phases: the
Old period, the Pioneering period and the Axiomatic period. As is the case
for nearly all academic disciplines, the Old period begins in ancient Greece.
However, the Greeks did not develop a theory of rational decision making.
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They merely identified decision making as one of many areas worthy of
further investigation. This is partly due to the fact that the Greeks were not
familiar with the concept of probability. The Greek language contains
expressions for everyday notions of likelihood and chance, but none of
the great mathematicians working at that time formalized these ideas
into a mathematical calculus. Furthermore, there is no evidence that
Greek thinkers formulated any precise decision rules, at least not of the
form discussed in contemporary decision theory. In Greek literature one
can find practical recommendations about what to do and not to do, but
these do not have the same general and abstract form as modern decision
rules.

So how did the Greeks contribute to decision theory? To start with, we
know that the Greeks were familiar with the distinction between right and
rational acts, introduced in the beginning of this chapter. Herodotus, taking
“right” to mean rational and “contrary to good counsel” to mean irrational,
notes that,

for even if the event turns out contrary to one’s hope, still one’s decision was
right, even though fortune has made it of no effect: whereas if a man acts
contrary to good counsel, although by luck he gets what he had no right to
expect, his decision was not any the less foolish. (Herodotus VII: 10)

Furthermore, in Book III of his Topics Aristotle proposes what may best be
conceived of as an embryo for the logic of rational preference:

if A be without qualification better than B, then also the best of the members
of A is better than the best of the members of B; e.g. if Man be better than
Horse, then also the best man is better than the best horse. (Topics III: ii)

This quote indicates that Aristotle was familiar with some of the pro-
blems of rational preference. However, the value of Aristotle’s analysis is
questioned by modern scholars. It has been pointed out that throughout his
analysis Aristotle seems to mix logical principles, such as the one above,
with contingent material principles. For example, Aristotle claims that “to
be a philosopher is better than to make money.” This might very well be
true, but it is merely a contingent truth, not a logical one. The decision to
become a philosopher rather than a businessman is of little interest from
a formal point of view; it appears to be nothing more than a piece of advice
from a man who enjoyed being a philosopher.

11
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The fifteen hundred years that followed the decline of the Greek culture
is of little or no importance in the history of decision theory. There is no
evidence that any significant advances in decision theory were made by
the Romans or the early members of the Christian church. The second
major development phase was the Pioneering period, which began in 1654
as Blaise Pascal and Pierre de Fermat began to exchange letters about
probability theory. Their correspondence was triggered by a question
asked by a French nobleman with an interest in gambling: What is the
likelihood of getting at least one pair of sixes if a pair of fair dice is thrown
24 times? Rather than giving an approximate answer based on empirical
trials, Fermat and Pascal started to work out an exact, mathematical
solution to the problem. This led to the creation of modern probability
theory. Christian Huygens, famous mainly for his work in astronomy and
physics, learnt about the correspondence between Fermat and Pascal,
and published the first book on the subject in 1657. (The answer to the
nobleman’s question is, of course, 1 — (35/36)** = 0.49.)

Another major breakthrough during the Pioneering period was the
1662 publication of a book known as Port-Royal Logic. Its real title was La
Logique, ou I'art de penser. The book was published anonymously by two
members of the Jansenist convent, an organization belonging to the
Catholic Church (which was later condemned by the church as heretical),
working in Port-Royal just outside Paris. The main authors were Antoine
Arnauld and Pierre Nicole, who were both associated with the convent,
but it is widely believed that Pascal also contributed some portions of the
text. Port-Royal Logic contains the first clear formulation of the principle of

maximizing expected value:

In order to judge of what we ought to do in order to obtain a good and to avoid
an evil, it is necessary to consider not only the good and evil in themselves,
but also the probability of their happening and not happening, and to regard
geometrically the proportion which all these things have, taken together.
(Arnauld and Nicole 1662: 367)

Even though reasonable in many situations, it was soon observed that
the principle of maximizing expected value leads to counterintuitive
recommendations if “good” and “evil” are interpreted as, for example,
amounts of money. Given the choice between maintaining the status quo
and a gamble in which one would either win or lose one million gold ducats
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with equal probability, Port-Royal Logic recommends us to be indifferent
between the two options. Intuitively we know that cannot be right.
In 1738 Daniel Bernoulli introduced the notion of moral value as an improve-
ment on the imprecise terms “good” and “evil.” For Bernoulli, the moral
value of an outcome is a technical term referring to how good or bad
that outcome is from the decision maker’s point of view. For example,
a multimillionaire might be indifferent between the status quo and
a gamble in which he will either win or lose a million, simply because he
is already very well off. For the rest of us this is unlikely to be the case. Since
I am not a multimillionaire, the negative moral value of losing a million is
for me much greater than the positive moral value of winning a million.
In the modern literature the term “moral value” has been replaced by the
notion of utility, but the meaning of the two terms is the same.

Modern decision theory is dominated by attempts to axiomatize
the principles of rational decision making, which explains why we call
it the Axiomatic period. This period had two separate and unrelated
starting points. The first was Frank Ramsey’s paper “Truth and probabil-
ity,” written in 1926 but published posthumously in 1931. Ramsey was
a philosopher working at Cambridge together with Russell, Moore and
Wittgenstein. In his paper on probability, he proposed a set of eight
axioms for how rational decision makers ought to choose among uncer-
tain prospects. He pointed out that every decision maker behaving in
accordance with these axioms will act in a way that is compatible with
the principle of maximizing expected value, by implicitly assigning
numerical probabilities and values to outcomes. However, it does not
follow that the decision maker’s choices were actually triggered by these
implicit probabilities and utilities. This way of thinking about rational
decision making is very influential in the modern literature, and will be
explained in more detail in Chapters 5, 6 and 7.

The second starting point was von Neumann and Morgenstern’s book
Theory of Games and Economic Behavior, and in particular the publication of
the second edition in 1947. Von Neumann and Morgenstern were not
aware of Ramsey’s paper when the first edition of the book was published
in 1944. The first chapter of the first edition was devoted to individual
decision making under risk, and some people complained that von
Neumann and Morgenstern did not give any technically precise definition
of the notion of utility (that is, their term for Bernoulli’s concept of

13
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moral value) to which they frequently referred. Therefore, in the second
edition they responded by presenting a set of axioms for how rational
decision makers ought to choose among lotteries. For von Neumann
and Morgenstern a lottery is a probabilistic mixture of outcomes; for
example, “a fifty-fifty chance of winning either $100 or a ticket to the
opera” is a lottery. They showed that every decision maker behaving in
accordance with their axioms implicitly behaves in accordance with the
principle of maximizing expected utility, and implicitly assigns numerical
utilities to outcomes. The main difference compared to Ramsey’s axioma-
tization is that von Neumann and Morgenstern presented no novel theory
of probability. Nevertheless, as their work on game theory was genuinely
new, it must be regarded as a major breakthrough.

The 1950s turned out to be a golden age for decision theory. Several
influential papers and books were published during that period, including
Leonard Savage’s 1954 book The Foundations of Statistics, in which he
presented yet another influential axiomatic analysis of the principle of
maximizing expected utility. A surprisingly large number of the books
and papers published during those days are still widely read and quoted,
and anyone wishing to understand the latest developments in decision
theory is usually well advised to first read about how similar problems
were analyzed in the 1950s.

Exercises

1.1 Explain the difference between:

(a) Right and rational decisions.

(b) Decisions under risk and ignorance.
1.2 Explain the difference between:

(c) Social choices and decisions made by individuals.

(d) Games and all other types of decisions discussed here.
1.3 Consider the following situations:

(a) Charles Lindbergh was the first man to fly single-handed across the
Atlantic in 1927. Did he make a decision under risk or ignorance as
he departed New York and set off eastwards?

(b) You are thinking about flying to Paris next week. Are you making
a decision under risk or ignorance?
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1.4 Consider the four lotteries below. Exactly one winning ticket will be

1.5

1.6
1.7

drawn in each lottery.

Ticket no. 1 Ticket no. 2-20 Ticket no. 21-100
Lottery A $2 million $2 million $2 million
Lottery B $0 $15 million $2 million
Lottery C $2 million $2 million $0
Lottery D $0 $15 million $0

(a) Make intuitive comparisons between lottery A and B, and between
C and D, without performing any calculations. Do you prefer A or B?
CorD?

(b) Now calculate the expected (monetary) value of each lottery. Which
lottery has the highest expected monetary value, A or B? C or D?

(c) Did these calculations make you change your mind? If so, why? (This
is aversion of Allais’ paradox, which we will discuss in more detail in
Chapter 4.)

Consider the following game in which both you and your opponent

have two alternatives to choose between. The first number in each box

represents your payoff, whereas the second number represents your
opponent’s payoff. (Naturally, better payoffs are represented by higher

numbers.)
Your Opponent
Alt. 1 Alt. 2
Alt. 1 1,1 0,3
You

Alt. 2 3,0 2,2

(a) What do you expect your opponent to do?

(b) What will you do?

(c) Try to explain why this game is of less theoretical interest than the
stag hunt game.

Briefly summarize the major events in the history of decision theory.

Why do you think it took so long to invent (or discover?) the probability

calculus? The Greek’s were excellent mathematicians, so why did it

remain unknown to them?

15
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1.8

The probability of getting at least one pair of sixes if a pair of fair dice is
thrown 24 times is about 0.49. Is the probability of not getting any pair
of sixes if a pair of fair dice is thrown 48 times higher or lower?

Solutions

11
1.2
1.3

14

1.5

1.6
1.7

1.8

See Sections 1.2 and 1.3.

See Section 1.4.

(a) It depends on what he knew when he took off from New York, but it
is reasonable to assume that he could not assign any probabilities to
the various outcomes of his trip; if so, he made a decision under
ignorance.

(b) You are making a decision under risk. Even if you do not know the
probability of a crash right here and now, there is certainly a lot of
relevant information available in libraries and on the Internet.

(a) Empirical studies by psychologists show that most people prefer
A over B, and D over C.

(b) The expected monetary values are: A = $2M, B = $4.45M, C = $0.4M,
D = $2.85M.

(c) Yes, if you accept the principle of maximizing expected monetary
value. But is this really a reasonable decision rule? See Chapter 4!

(a) Your opponent will choose alternative 2 (no matter what you do).

(b) You will, if you are rational, also choose alternative 2 (no matter
what your opponent does).

(c) It is less interesting than Stag Hunt simply because there is no
conflict between cooperation and other aims; alternative 2 domi-
nates alternative 1, in the sense that one is better off choosing
alternative 2 no matter what the other player does.

See Section 1.5.

A possible explanation is that the Greek’s “dice” and other random

generators were much more complicated than those used later.

In Gods, Games and Gambling, F.N. David writes that, “In ancient times

there were games played using astragali, or Talus bone. The Pottery of

ancient Greece was evidence to show that there was a circle drawn on
the floor and the astragali were tossed into this circle, much like playing
marbles ... It seems that this is the early stages of the creation of dice.”

Lower. (The probability is about 0.26).



2 The Decision Matrix

Before you make a decision you have to determine what to decide about. Or,
to put it differently, you have to specify what the relevant acts, states and
outcomes are. Suppose, for instance, that you are thinking of taking out fire
insurance on your home. Perhaps it costs $100 to take out insurance on a
house worth $100,000 and you ask, “Is it worth it?” Before you decide, you
have to get the formalization of the decision problem right. In this case, it
seems that you face a decision problem with two acts, two states, and four
outcomes. It is helpful to visualize this information in a decision matrix; see
Table 2.1.

To model one’s decision problem in a formal representation is essential
in decision theory, because decision rules are only defined relative to a
formal representation. For example, it makes no sense to say that the
principle of maximizing expected value recommends one act rather than
another unless there is a formal listing of the available acts, the possible
states of the world and the corresponding outcomes. However, instead of
visualizing information in a decision matrix it is sometimes more conveni-
ent to use a decision tree. The decision tree in Figure 2.1 is equivalent to the
matrix in Table 2.1.

The square represents a choice node, and the circles represent chance nodes.
At the choice node the decision maker decides whether to go up or down in
the tree. If there are more than two acts to choose from, we simply adds
more lines. At the chance nodes nature decides which line to follow. The
rightmost boxes represent the possible outcomes. Decision trees are often
used for representing sequential decisions, i.e. decisions that are divided
into several separate steps. (Example: In a restaurant, you can either order
all three courses before you start to eat, or divide the decision-making
process into three separate decisions taken at three points in time. If you
opt for the latter approach, you face a sequential decision problem.) To

17
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Table 2.1

Fire No fire
Take out insurance No house and $100,000 House and $0
No insurance No house and $100 House and $100

No house and $100.000

Fire

Take out insurance

No fire House and $0

No house and $100

House and $100

Figure 2.1

represent a sequential decision problem in a tree, one simply adds new
choice and chance nodes to the right of the existing leaves.

Many decision theorists distinguish only between decision problems and
a corresponding decision matrix or tree. However, it is worth emphasizing
that we are actually dealing with three levels of abstraction:

1. The decision problem
2. A formalization of the decision problem

3. Avisualization of the formalization

A decision problem is constituted by the entities of the world that
prompt the decision maker to make a choice, or are otherwise relevant to
that choice. By definition, a formalization of a decision problem is made up
of information about the decision to be made, irrespective of how that
information is visualized. Formalizations thus comprise information
about acts, states and outcomes, and sometimes also information about
probabilities. Of course, one and the same decision problem can be forma-
lized in different ways, not all of which are likely to be equally good. For
example, some decision problems can be formalized either as decisions
under risk or as decisions under ignorance. However, if one knows the
probabilities of the relevant states, it is surely preferable to choose the
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Table 2.2
[

[a; = take out insurance,

a, = do not|;
[s1 = fire,
s, = no fire|;

[(a1, s1) = No house and $100,000,
(a1, s2) = House and $0,

(a2, s1) = No house and $100,

(az, sz) = House and $100]

J

former type of formalization (since one would otherwise overlook relevant
information).

Naturally, any given set of information can be visualized in different
ways. We have already demonstrated this by drawing a matrix and a tree
visualizing the same formalization. Table 2.2 is another example of how
the same information could be presented, which is more suitable to
computers.

In Table 2.2 information is stored in a vector, i.e. in an ordered list of
mathematical objects. The vector is comprised of three new vectors, the
first of which represents acts. The second vector represents states, and the
third represents outcomes defined by those acts and states.

From a theoretical perspective, the problem of how to formalize deci-
sion problems is arguably more interesting than questions about how to
visualize a given formalization. Once it has been decided what pieces of
information ought to be taken into account, it hardly matters for the
decision theorist whether this information is visualized in a matrix, a
tree or a vector.

2.1 States

The basic building blocks of a decision problem are states, outcomes and
acts. Let us discuss each concept in turn, starting with states. What is a state?
Intuitively, a state is a part of the world that is not an outcome or an act (that
can be performed by the agent in the present decision situation; acts



20

The Decision Matrix

Table 2.3

I choose the right bet Idonot
Bet on Democrat ~ $100 $0
Bet on Republican ~ $200 $0

performed by others can presumably be thought of as states). It is some-
times suggested that we should also think of the outcome brought about by
an act as a state of the world. On that view, an act is essentially a device that
transforms one state of the world into another state. However, as attractive
as this suggestion might be, it will be helpful to keep apart states and
outcomes in the present discussion.

That said, not all states are relevant to decision making. For many deci-
sions it is completely irrelevant whether the number of atoms in the uni-
verse is odd or even, for instance. Only states that may affect the decision
maker’s preference among acts need to be taken into account, such as: The
republican candidate wins the election, or The interest rate exceeds five per cent next
year, or My partner loves me, or Goldbach’s conjecture is true. For each of these
states, we can imagine an act whose outcome depends on the state in
question. The example of Goldbach’s conjecture (a famous mathematical
hypothesis) indicates that even necessary truths may be relevant in decision
making, e.g. if the decision maker has placed a bet on whether this hypoth-
esis is true or not.

Some states, or at least some ways of partitioning states, are clearly
illegitimate. In order to understand why, imagine that you are offered a
choice between two bets, which pay $100 and $200 respectively, depending
on whether the Democrat or the Republican candidate wins the next pre-
sidential election (Table 2.3). When offered these bets, it would make little
sense to consider the states I choose the right bet and I do not. That formaliza-
tion gives the false impression that you will definitively be better off if you
bet on the Republican candidate. The reason why this is false, and why the
formalization is illegitimate, is that the state I choose the right bet is causally
dependent on your choice. Whether the state will occur depends on which
act you choose.

The problem of causal dependence can be addressed in two ways. The
first is to allow the decision theorist to include only states that are causally

independent of the acts in the formalization; this is the option that will be
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Table 2.4
Bet on Democrat $100 (0.6) $0 (0.4)
Bet on Republican $200 (0.3) $0(0.7)

Table 2.5(a)

State 1  State 2

Act A $50 $80
Act B $30 $80

Table 2.5(b)

Act A $50 $80
Act B $80 $30

pursued here (with exception for Chapter 9). The second option is to avoid
the notion of states altogether. That approach works particularly well if one
happens to know the probability of the outcomes. Suppose, for instance,
that the probability is 0.6 that you win $100 if you bet on the Democrat, and
0.3 that you win $200 if you bet on the Republican.

From a technical point of view, the formalization in Table 2.4 is impec-
cable. That said, omitting the states makes little sense in other decision
problems, such as decisions under ignorance. If you do not know anything
about the probability that your house will burn down and you are offered
fire insurance for free, it certainly makes sense to accept the offer. No
matter what happens, you will be at least as well off if you accept free
insurance than if you do not, and you will be better off if there is a fire.
(This line of reasoning has a fancy name: the dominance principle. See
Chapter 3.) However, this conclusion only follows if we attach outcomes
to states. The pair of examples in Table 2.5(a) and 2.5(b) illustrates the
difference between including and omitting the relevant states.

In Table 2.5(a), act A is clearly better than act B. However, in Table 2.5(b)
all states have been omitted and the outcomes have therefore been listed in
arbitrary order. In this representation we fail to see that one option is
actually better than the other. This is why it is a bad idea not to include
states in a formalization.

21
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Table 2.6

You survive You die
Take first bet $100 $0
Take second bet $0 $100

Let us now consider a slightly different kind of problem, having to do
with how preferences depend on which state happens to be the true state.
Suppose you have been severely injured in a traffic accident and that as a
result you will have to undergo a risky and life-threatening operation. For
some reason, never mind why, you are offered a choice between a bet in
which you win $100 if the operation is successful and you survive, and
nothing if the operation fails and you die, and a bet in which you win
nothing if the operation is successful and you survive, and $100 if the
operation fails and you die (Table 2.6).

Let us imagine that both states are equally probable. It then seems
natural to argue that the decision maker should regard both bets as equally
attractive. However, most people would prefer the bet in which one wins
$100 if one survives the operation, no matter how improbable that state is.
If you die, money does not matter to you anymore. This indicates that the
formalization is underspecified. To make the formalization relevant for
your decision we would have to add to the outcome the fact that the
decision maker will die if the operation fails. If we did so, it would clearly
transpire why the first bet is better than the second. To put all this in a more
sophisticated vocabulary, to which we will return in Chapter 7, states
should be chosen such that the value of the outcomes under all states is

causally independent of whether the state occurs or not.

2.2 Outcomes

Rational decision makers are not primarily concerned with states or acts.
What ultimately matters is the outcome of the choice process. Acts are mere
instruments for reaching good outcomes, and states are devices needed for
applying these instruments. However, in order to figure out which instru-
ment to use (i.e. which act to choose given a set of states), outcomes must be
ranked in one way or another, from the worst to the best. Exactly how this
should be done is an important topic of debate in decision theory, a topic
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which we will examine in more detail in Chapter 5. In the present section
we will merely explain the difference between the various kinds of scales
that are used for comparing outcomes.

Let us return to the issue of whether or not one should insure a house
worth $100,000 at a rate of $100 per annum. Imagine that Jane has made a
sincere effort to analyze her attitudes toward safety and money, and that
she felt that the four possible outcomes should be ranked as follows, from
the best to the worst.

1. House and $100 is better than
2. House and $0 is better than
3. No house and $100,000 is better than
4. No house and $100.

The first outcome, “House and $100,” can be thought of as a possible
world that is exactly similar to the three others, except for the condition of
the house and the amount of money in that world. Outcomes are in that
sense comprehensive - they include much more than we actually need to
mention in a decision matrix. Naturally, the ranking of outcomes is to a
large extent subjective. Other decision makers may disagree with Jane and
feel that the outcomes ought to be ranked differently. For each decision
maker, the ranking is acceptable only if it reflects his or her attitudes
toward the outcomes. It seems fairly uncontroversial to suppose that people
sometimes have different attitudes, but the ranking depicted above does,
we assume, accurately reflect Jane’s attitudes.

In order to measure the value of an outcome, as it is perceived by the
decision maker, it is convenient to assign numbers to outcomes. In
decision theory, numbers referring to comparative evaluations of value
are commonly called utilities. However, the notion of utility has many
different technical meanings, which should be kept separate. Therefore,
to avoid unnecessary confusion we will temporarily stick to the rather
vague term value, until the concept of utility has been properly intro-
duced in Chapter 5.

Value can be measured on two fundamentally different kinds of scales,
viz. ordinal scales and cardinal scales. Consider the set of numbers in
Table 2.7, assigned by Jane to the outcomes of her decision problem.

If Jane assigns a higher number to one outcome than another, she judges
the first outcome to be better than the second. However, if the scale she uses
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Table 2.7
Fire No fire

Take out insurance 1 4

Do not —100 10

Table 2.8

Original scale Scale A Scale B Scale C

Best outcome 10 4 100 777
Second best 4 3 98 —378
Third best 1 2 97 —504
Worst outcome —100 1 92 —777

is an ordinal scale, nothing more than that follows. In particular, nothing
can be concluded about how much better one outcome is in relation to
another. The numbers merely reflect the qualitative ranking of outcomes.
No quantitative information about the “distance” in value is reflected by the
scale. Look at Scales A-C in Table 2.8; they could be used for representing
exactly the same ordinal ranking.

The transformations of the original scale into scales A, B or C preserve the
order between the outcomes. This proves that all four scales are equivalent.
Hence, it does not matter which set of numbers one uses. Mathematicians
express this point by saying that ordinal scales are invariant up to positive
monotone transformations. That a transformation of a scale is invariant under
some sort of change means that the ranking of the objects is preserved after
this type of change. In the case of an ordinal scale, the change is describable
by some function f such that

f(x) > f(y) if and only if x > y. (1)

In this expression, x and y are two arbitrary values of some initial
scale, e.g. the values corresponding to the best and second best outcomes
on the original scale above, and fis some mathematical function. It can be
easily verified that the transformation of the original scale into scale D in
Table 2.9 does not satisfy condition (1), because if x =10 and y = 4, then f{x) = 8,
and f(y) = 9. Of course, it is false that 8 > 9 if and only if 10 > 4. It can also be
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Table 2.9

Scale D Scale E Scale F
Best outcome 8 —60 100
Second best 9 —-50 90
Third best 6 —40 80
Worst outcome 7 0 80

shown in analogous ways that scales E and F are not permissible ordinal
transformations of the original scale.

As pointed out above, ordinal scales are usually contrasted with cardinal
scales. Cardinal scales embody more information than ordinal scales. There
are two different kinds of cardinal scales, viz. interval scales and ratio scales.

To start with, we focus on interval scales. Unlike ordinal scales, interval
scales accurately reflect the difference between the objects being mea-
sured. Let us suppose, for the sake of illustration, that scale F in the
example above is an interval scale. It would then be correct to conclude
that the difference in value between the best and the second best outcome
is exactly the same as the distance in value between the second best and
the third best outcome. Furthermore, the difference between the best and
the worst outcome is twice that between the best and the second best
outcome. However, scale E cannot be a permissible transformation of F,
because in F the distance between the third best and the worst outcome is
zero, whereas the corresponding difference in E is strictly greater than
zZero.

To illustrate what kind of information is represented in an interval
scale, consider the two most frequently used scales for measuring tempera-
ture, i.e. the Centigrade (C) and Fahrenheit (F) scales, respectively. Both
scales accurately reflect differences in temperature, and any temperature
measured on one scale can easily be transformed into a number on the other
scale. The formula for transforming Centigrade to Fahrenheit is:

F=18-C+32 (2)
By solving this equation for C, we get:

C = (F—32)/18 (3)
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Table 2.10

City Degrees Fahrenheit Degrees Centigrade
Los Angeles 82 27.8

Tokyo 64 17.8

Paris 62 16.7

Cambridge (UK) 46 7.8

New York 32 0

Stockholm —4 -20

Note that (2) and (3) are straight lines - had the graphs been curved, a
difference of, say, one unit on the x-axis would not always produce the same
difference on the y-axis. As an illustration of how the Fahrenheit scale can
be transformed into the centigrade scale, consider Table 2.10. It shows the
mean temperatures in a few well-known cities.

When looking at Table 2.10, a common error is to conclude that it was
twice as warm in Tokyo as in New York, because 64 units Fahrenheit is twice
as much as 32 units Fahrenheit. In order to see why that conclusion is
incorrect, note that 64 °F corresponds to 17.8 °C and 32 °F to 0 °C. Now,
17.8 °C is of course not twice as much as 0 °C. Had it been twice as warm in
Tokyo as in New York, it would certainly have been twice as warm according
to every scale. Interval scales accurately reflect differences, but not ratios.
Expressed in mathematical terminology, interval scales are invariant up to
positive linear transformations. This means that any interval scale can be
transformed into another by multiplying each entry by a positive number
and adding a constant, without losing or gaining any information about the
objects being measured. For example, if the value of some outcome is 3
according to scale X, and Y=10 - X + 5, then the value of the same outcome
would be 35 if measured on scale Y. Obviously, scale Y is obtained from X by
a positive linear transformation.

Unlike interval scales, ratio scales accurately reflect ratios. Mass, length
and time are all examples of entities that can be measured on ratio scales.
For example, 20 Ib = 9 kg, and this is twice as much as 10 Ib = 4.5 kg.
Furthermore, two weeks is twice as much as one, and 14 days is of course
twice as much as 7 days. Formally put, a ratio scale U can be accurately
transformed into an equivalent ratio scale V by multiplying U by a positive
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Table 2.11

ScaleG ScaleH Scalel Scale] Scale K
Best outcome 40 410 8 1 5
Second best 30 310 6 0 3
Third best 20 210 4 -1 2
Worst 10 110 2 -2 1

constant k. Consider, for instance, the series of numbers in Table 2.11,
which denote the values of four different outcomes as measured on five
different scales, G-K.

Scale G and I are equivalent ratio scales, because G = 5 - L
Furthermore, the first four scales, G-J, are equivalent interval
scales. For example, scale H can be obtained from G by the formula
H=10- -G + 10, and J = 0.1 - G - 3. However, there is no equation of
the form V =k - U + m that transforms G into K. Hence, since K is not a
positive linear transformation of G, it does not reflect the same differ-
ences in value, nor the same ratios.

It is helpful to summarize the technical properties of the two kinds of
cardinal scales discussed here in two mathematical conditions. To start
with, a function f that takes an argument x and returns a real number as
its value is an interval scale if and only if condition (1) on page 24 holds and
for every other function f’ that satisfies (1) there are some constants k and m
such that:

F) =k fx) +m (4)

Condition (4) states what transformations of an interval scale are
permissible: As we have shown above, every transformation that can
be mapped by an upward sloping straight line is permissible.
Furthermore, a function f that takes an argument x and returns a real
number as its value is a ratio scale if and only if condition (1) holds and
for every other function f’ that satisfies (1) there is some positive con-
stant k such that:

fx) =k-f(x) (5)
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This condition is even more simple than the previous one: A pair of ratio
scales are equivalent if and only if each can be transformed into the other by
multiplying all values by some positive constant. (Of course, the constant
we use for transforming finto f’ is not the same as that which we use for
transforming f’ into f.)

2.3 Acts

Imagine that your friend Leonard is about to cook a large omelette. He has
already broken five eggs into the omelette, and plans to add a sixth.
However, before breaking the last egg into the omelette, he suddenly starts

Box 2.1 Three types of scales

In this chapter we have discussed three different types of scales. Their
main characteristics can be summarized as follows.

1. Ordinal scale: Qualitative comparison of objects allowed; no
information about differences or ratios.
Example: The jury of a song contest award
points to the participants. On this scale, 10
points is more than 5.

2. Cardinal scales

(a) Interval scale Quantitative comparison of objects; accurately
reflects differences between objects. Example:
The Centigrade and Fahrenheit scales for
temperature measurement are the most well-
established examples. The difference between
10°Cand 5 °C equals that between 5 °Cand 0 °C,
but the difference between 10 °C and 5 °C does
not equal that between 10 °F and 5 °F.

(b) Ratio scale Quantitative comparison of objects; accurately
reflects ratios between objects. Example:
Height, mass, time, etc. 10 kg is twice as much
as 5 kg, and 10 Ib is also twice as much as 5 Ib.
But 10 kg is not twice as much as 5 1b.
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Table 2.12

The sixth egg is rotten The sixth egg is not rotten
Add sixth egg No omelette Six-egg omelette
Do not add sixth egg Five-egg omelette Five-egg omelette

to worry that it might be rotten. After examining the egg carefully, he
decides to take a chance and break the last egg into the omelette.

The act of adding the sixth egg can be conceived of as a function that
takes either the first state (The sixth egg is rotten) or the second (The sixth egg
is not rotten) as its argument. If the first state happens to be the true state of
the world, i.e. if it is inserted into the function, then it will return the
outcome No omelette, and if the second state happens to be the true state,
the value of the function will be Six-egg omelette. (See Table 2.12.) This
definition of acts can be trivially generalized to cover cases with more
than two states and outcomes: an act is a function from a set of states to a
set of outcomes.

Did you find this definition too abstract? If so, consider some other
function that you are more familiar with, say f(x) = 3x + 8. For each argument
x, the function returns a value f(x). Acts are, according to the suggestion
above, which was originally proposed by Leonard Savage, also functions.
However, instead of taking numbers as their arguments they take states,
and instead of returning other numbers they return outcomes. From a
mathematical point of view there is nothing odd about this; a function is
commonly defined as any device that takes one object as its argument and
returns exactly one other object. Savage’s definition fulfills this criterion.
(Note that it would be equally appropriate to consider states and acts as
primitive concepts. Outcomes could be conceived of as ordered pairs of acts
and states. For example, the outcome No omelette is the ordered pair com-
prising the act Add sixth egg and the state The sixth egg is rotten. States can be
defined in similar ways, in terms of acts and outcomes.)

Decision theory is primarily concerned with particular acts rather than
generic acts. A generic act, such as sailing, walking or swimming, can be
instantiated by different agents at different time intervals. Hence,
Columbus’ first voyage to America and James Cook’s trip to the southern
hemisphere are both instantiations of the same generic act, viz. sailing.

Particular acts, on the other hand, are always carried out by specific agents
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at specific time intervals, and hence Columbus’ and Cook’s voyages were
different particular acts. Savage’s definition is a characterization of parti-
cular acts.

It is usually assumed that the acts considered by a decision maker are
alternative acts. This requirement guarantees that a rational decision maker
has to choose only one act. But what does it mean to say that some acts
constitute a set of alternatives? According to an influential proposal, the set
Ais an alternative-set if and only if every member of A is a particular act, A has
at least two different members, and the members of A are agent-identical,
time-identical, performable, incompatible in pairs and jointly exhaustive.
At first glance, these conditions may appear as fairly sensible and uncon-
troversial. However, as pointed out by Bergstrom (1966), they do not guar-
antee that every actis a member of only one alternative-set. Some particular
acts are members of several nonidentical alternative-sets. Suppose, for
instance, that I am thinking about going to the cinema (act a;) or not
going to the cinema (a,), and that {a, a,} is an alternative-set. Then I realize
that a, can be performed in different ways. I can, for instance, buy popcorn
at the cinema (a3) or buy chocolate (a4). Now, also {a; & as, a; & a4, a,} is an
alternative-set. Of course, a; & as; and a, & a, are different particular acts, so
both of them cannot be identical to a,. Moreover, a; & a; can also be
performed in different ways. I can buy a small basket of popcorn (as) or a
large basket (a¢), and therefore {a; & a3 & as, a; & a3 & a¢, a1 & a4, a,} also
constitutes an alternative-set, and so on and so forth. So what are the
alternatives to a,? Is it {a,}, or {a, & asz, a; & a4}, or {a, & az & as, a; & a3 &
ae, a; & a4)? Note that nothing excludes that the outcome of a, is better than
the outcome of a; & a3, while the outcome of a; & a; & ag might be better
than that of a,. This obviously causes problems for decision makers seeking
to achieve as good outcomes as possible.

The problem of defining an alternative-set has been extensively dis-
cussed in the literature. Bergstrém proposed a somewhat complicated solu-
tion of the problem, which has been contested by others. We will not
explain it here. However, an interesting implication of Bergstrom’s propo-
sal is that the problem of finding an alternative-set is partly a normative
problem. This is because we cannot formalize a decision problem until we
know which normative principle to apply to the resolution of the problem.
What your alternatives are depends partly on what your normative princi-
ple tells you to seek to achieve.
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2.4 Rival Formalizations

In the preceding sections, we have briefly noted that one cannot take for
granted that there exists only one unique best formalization of each decision
problem. The decision maker may sometimes be confronted with rival
formalizations of one and the same decision problem. Rival formalizations
arise if two or more formalizations are equally reasonable and strictly better
than all other formalizations.

Obviously, rival formalizations are troublesome if an act is judged to be
rational in one optimal formalization of a decision problem, but irrational
in another optimal formalization of the same decision problem. In such
cases one may legitimately ask whether the act in question should be
performed or not. What should a rational decision maker do? The scope of
this problem is illustrated by the fact that, theoretically, there might be
cases in which all acts that are rational in one optimal formalization are
nonrational in another rival formalization of the same decision problem,
whereas all acts that are rational according to the latter formalization are
not rational according to the former.

To give convincing examples of rival formalizations is difficult, mainly
because it can always be questioned whether the suggested formalizations
are equally reasonable. In what follows we will outline a hypothetical
example that some people may find convincing, although others may dis-
agree. Therefore, in Box 2.2 we also offer a more stringent and technical
argument that our example actually is an instance of two equally reason-
able but different formalizations.

Imagine that you are a paparazzi photographer and that rumor has it that
actress Julia Roberts will show up in either New York (NY), Los Angeles (LA)
or Paris (P). Nothing is known about the probability of these states of the
world. You have to decide if you should stay in America or catch a plane to
Paris. If you stay and actress Julia Roberts shows up in Paris you get $0;
otherwise you get your photos, which you will be able to sell for $10,000. If
you catch a plane to Paris and Julia Roberts shows up in Paris your net gain
after having paid for the ticket is $5,000, and if she shows up in America you
for some reason, never mind why, get $6,000. Your initial representation of

the decision problem is visualized in Table 2.13.
O
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Table 2.13
P LA NY
Stay $0 $10 k $10 k
Go to Paris $5k $6 k $6 k
Table 2.14
P (1/3) LA (1/3) NY (1/3)
Stay $0 $10k $10k
Go to Paris $5k $6 k $6 k
Table 2.15
P (1/3) LA or NY (2/3)
Stay $0 $10k
Go to Paris $5k $6 k
Table 2.16
P LA or NY
Stay $0 $10k
Go to Paris $5k $6 k

Since nothing is known about the probabilities of the states in Table 2.13,
you decide it makes sense to regard them as equally probable, i.e. you
decide to assign probability 1/3 to each state. Consider the decision matrix
in Table 2.14.

The two rightmost columns are exactly parallel. Therefore, they can be
merged into a single (disjunctive) column, by adding the probabilities of the
two rightmost columns together (Table 2.15).

However, now suppose that you instead start with Table 2.13 and first
merge the two repetitious states into a single state. You would then obtain
the decision matrix in Table 2.16.

Now, since you know nothing about the probabilities of the two states,
you decide to regard them as equally probable, i.e. you assign a probability
of 1/2 to each state. This yields the formal representation in Table 2.17,
which is clearly different from the one suggested above in Table 2.15.
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Table 2.17

P (1/2) LA or NY (1/2)
Stay $0 $10k
Go to Paris $5k $6 k

Which formalization is better, 2.15 or 2.17? It seems question begging to
claim that one of them must be better than the other - so perhaps they are
equally reasonable? If they are, we have an example of rival formalizations.

Note that the principle of maximizing expected value recommends dif-
ferent acts in the two matrices. According to Table 2.15 you should stay, but
2.17 suggests you should go to Paris. Arguably, this example shows that rival
formalizations must be taken seriously by decision theorists, although
there is at present no agreement in the literature on how this phenomenon
ought to be dealt with.

Box 2.2 Whyrival representations are possible

The examples illustrated in Tables 2.15 and 2.17 do not prove that rival
formalizations are possible. One may always question the claim that
the two formalizations are equally reasonable. Therefore, in order to
give a more comprehensive argument for thinking that the formaliza-
tions are equally reasonable, we will introduce some technical
concepts. To begin with, we need to distinguish between two classes
of decision rules, viz. transformative and effective decision rules. A
decision rule is effective if and only if it singles out some set of
recommended acts, whereas it is transformative if and only if it
modifies the formalization of a given decision problem. Examples of
effective decision rules include the principle of maximizing expected
utility and the dominance principle, mentioned in Chapter 1.
Transformative decision rules do not directly recommend any parti-
cular act or set of acts. Instead, they transform a given formalization
of a decision problem into another by adding, deleting or modifying
information in the initial formalization. More precisely, transforma-
tive decision rules can alter the set of alternatives or the set of states of
the world taken into consideration, modify the probabilities assigned
to the states of the world, or modify the values assigned to the corre-
sponding outcomes. For an example of a transformative decision rule,
consider the rule saying that if there is no reason to believe that one

state of the world is more probable than another then the decision
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maker should transform the initial formalization of the decision
problem into one in which every state is assigned equal probability.
This transformative rule is called the principle of insufficient reason.

We assume that all significant aspects of a decision problem can
be represented in a triplet = = (4, S, 0), where A is a nonempty set of
(relevant) alternative acts, S is a nonempty set of states of the world,
and O is a set of outcomes. Let us call such a triplet a formal decision
problem. A transformative decision rule is defined as a function t that
transforms one formal decision problem = into another n/, i.e. tis a
transformative decision rule in a set of formal decision problems II
ifand onlyiftis a function such that for all = € I, it holds that t(z)  I1.
If t and u form a pair of transformative decision rules, we can
construct a new composite rule (t o u) such that (t o u)(rn) = u((x)). In
this framework the question, “How should the decision maker for-
malize a decision problem?” can be restated as: “What sequence of
transformative rules (t o u o ...) should a rational decision maker
apply to an initial formal decision problem =?”.

Let > be a relation on IT such that = =7’ if and only if the formal
representation = is at least as reasonable as «'. (If = and =’ are equally
reasonable we write n ~ 1’.) We will not go into detail here about what
makes one formal representation more reasonable than another,
but it should be obvious that some representations are better than
others. Now, we will prove that if the technical condition stated below
(order-independence) holds for =, then two different sequences of a
given set of transformative decision rules, (t o u) and (u o t), will always
yield formalizations that are equally reasonable.

Order-independence (OI): (uot)(z) =t(z) = (tot)(x)

The left-hand inequality, (uot)(z) =t(x), states that a transforma-
tive rule u should not, metaphorically expressed, throw a wrench in
the works carried out by another rule t. Hence, the formalization
obtained by first applying u and then t has to be at least as good as
the formalization obtained by only applying t. The right-hand inequal-
ity, t(x) = (tot)(x), says that nothing can be gained by immediately
repeating a rule. This puts a substantial constraint on transformative
rules; only “maximally efficient” rules, that directly improve the for-
mal representation as much as possible, are allowed by the OlI-condi-
tion. Now consider the following theorem.
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Theorem 2.1 Let the Ol-condition hold for all z € I1. Then, (u o t)(x) ~
(tou)(n) for allu and t.

Proof We prove Theorem 2.1 by making a series of substitutions:

(1) (uotou)(z) = (tou)(x) Substitute t o u for t in left-hand side of OI
(2) (uotouot)(xz) =(tou)(x) From (1)and left-hand side of OI

(3) (uot)(x) = (tou)(n) Right-hand side of OI and (2)

(4) (touot)(x) =(tou)(x) Substitute u ot for t and u for t in OI

(5) (touotou)(rn) = (tou)(x) From (4)and left-hand side of OI

(6) (tou)(n) = (tou)(n) Right-hand side of OI and (5)

(7) (tou)(z) ~ (uot)(n) From (3) and (6)
O
We will now illustrate how this technical result can be applied to
the paparazzi example. We use the following pair of transformative
decision rules, and we assume without further ado that both rules
satisfy the OlI-condition.

The principle of insufficient reason (ir): If z is a formal decision
problem in which the probabilities of the states are unknown, then it may be
transformed into a formal decision problem =’ in which equal probabilities
are assigned to all states.

Merger of states (ms): If two or more states yield identical outcomes under
all acts, then these repetitious states should be collapsed into one, and if the
probabilities of the two states are known they should be added.

It can now be easily verified that Table 2.15 can be obtained from 2.13
by first applying the ir rule and then the ms rule. Furthermore, 2.17
can be obtained from 2.13 by first applying the ms rule and then the ir
rule. Because of Theorem 2.1 we know that (ir o ms)(x) ~ (ms o ir)(x).
Hence, anyone who thinks that the two transformative rules we use
satisfy the OI-condition is logically committed to the view that the two
formalizations, 2.15 and 2.17, are equally reasonable (and at least as
good as 2.13). However, although equally reasonable, 2.15 and 2.17 are
of course very different - the expected utility principle even recom-
mends different acts!

35
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Exercises

2.1

2.2

2.3

2.4

2.5

If you play roulette in Las Vegas and bet on a single number, the

probability of winning is 1/38: There are 38 equally probable out-

comes of the game, viz. 1-36, 0 and 00. If the ball lands on the number

you have chosen the dealer will pay you 35 times the amount betted,

and return the bet.

(a) Formalize and visualize the decision problem in a decision matrix.

(b) Formalize and visualize the decision problem in a decision tree.

(c) How much money can you expect to lose, on average, for every
dollar you bet?

Formalize the following decision problem, known as Pascal’s wager:

God either exists or He doesn’t ... It is abundantly fair to conceive, that
there is at least a 50% chance that the Christian Creator God does in fact
exist. Therefore, since we stand to gain eternity, and thus infinity, the wise
and safe choice is to live as though God does exist. If we are right, we gain
everything and lose nothing. If we are wrong, we gain nothing and lose
nothing. Therefore, based on simple mathematics, only a fool would choose
to live a Godless life. Since you must choose, let us see which interests you
least. You have nothing to lose. Let us estimate these two chances. If you
gain, you gain all; if you lose, you lose nothing. Wager, then, without
hesitation that He is. (Pascal 1660: §233)

(a) Is Pascal’s argument convincing? (b) Is it really necessary for Pascal to
assume that, “there is at least a 50% chance that the Christian Creator
God does in fact exist”? What if the probability is much lower?
Congratulations! You have won a free vacation in a city of your choice:
London, New Delhi or Tokyo. You have been to London before, and you
know that the city is okay but expensive. New Delhi would be very
exciting, unless you get a stomach infection; then it would be terrible.
Tokyo would be almost as exciting, given that it is not too cold; then the
trip would be rather boring.

(a) Formalize and visualize the decision problem in a decision matrix.
(b) Formalize and visualize the decision problem in a decision tree.

(c) Represent the five possible outcomes in an ordinal scale.

A friend offers you to invest all your savings, $100,000, in his dot
com company. You find it very hard to understand the business plan
he presents to you, but your friend tells you that your $100,000 will
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“certainly” be worth at least $10 million within two years.
Naturally, your friend may be right, but he may also be wrong -
you feel that you cannot estimate the probabilities for this.
Consider the decision matrix below. What is wrong with this

formalization?

Friend is right Friend is wrong
Invest $10 m $0
Do not $100,000 $100,000

2.6 Visualize the following vector (which is written on a single line, to
save space) in a decision matrix: [[a4, dz, da); [S1, S2]; [(@1, S1) =P, (a1, $2) =
q. (a2, 51) =1, (a2, $2) =5, (a3, $1) =1, (a3, 52) = v].

2.7 Explain the difference between (a) ordinal and cardinal scales, and
(b) interval scales and ratio scales.

2.8 (a) What type of scale is used for ranking universities in U.S. News &
World Report’s latest ranking of universities? (You may wish to visit
their website to learn about the methodology they use.) (b) Is this the
appropriate type of scale to use for this purpose?

2.9 Anne has decided to spend $1,000 on a new handbag. There are four
brands to choose from: Prada, Gucci, Chanel and Louis Vuitton. Her
preferences can be represented on the following interval scale: Prada
100, Gucci 150, Chanel 80 and Louis Vuitton 0. Which of the following
scales can be obtained from the original scale by a positive linear
transformation?

(a) Prada 200, Gucci 300, Chanel 160 and Louis Vuitton 0.
(b) Prada 210, Gucci 310, Chanel 170 and Louis Vuitton 10.
(c) Prada 10, Gucci 15, Chanel 8 and Louis Vuitton 5.

2.10 Your rich aunt died some time ago. In her will she stipulated that you
will receive a painting of your choice from her collection of
Impressionist art. The aesthetical values of her four paintings are as
follows, as measured on your personal interval scale: Manet 5,000,
Monet 8,000, Pissarro 6,000 and Renoir 2,000. Which of the following
scales can be obtained from the original scale by a positive linear
transformation?

(a) Manet 8, Monet 11, Pissarro 9 and Renoir 5.
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(b) Manet —250, Monet 2,750, Pissarro 750 and Renoir —3,250.
(c) Manet 1,000, Monet 3,000, Pissarro 2,950 and Renoir 995.

2.11 Show that scales (a)—(c) in Exercise 2.9 are equivalent ordinal scales.

2.12 Suppose that scale (a) in Exercise 2.9 is a ratio scale. Show that neither
(b) nor (c) is equivalent to that ratio scale.

2.13 Show that every ratio scale is an interval scale, and that every interval
scale is an ordinal scale.

2.14 Show that some interval scale is not a ratio scale.

2.15 Suppose fis a ratio scale that can be transformed into f’ by multiplying
all values of f by k. Show that f(x) = { f(x).

Solutions
2.1 (a)
Right number (1/38) Wrong number (37/38)
Bet $35 -$1
Do not $0 $0
(b)

Very exciting!

New Delhi Terrible!

OK, but expensive

Rather boring

S2 0S4 Almost as exciting as N.D.

1 37 ~
(©) ($(35“)’3_8+$°’3_8) ~$1~—$.053
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2.2
God exists (1/2) God does not exist (1/2)
Live as if God exists Heaven — infinite gain.  You gain nothing and lose
nothing.
Live a Godless life  Hell — infinite loss. You gain nothing and lose
nothing.

2.3 (a) Pascal’s point is that the expected value of believing in God exceeds
that of not believing. The secondary literature on this argument is
massive, so I leave it to the reader to make up his or her own mind
about it. (b) The assumption about a 50% probability is not important.
All that matters is that the probability that God exists is > 0. (Since k
times infinity equals infinity.)

2.4 We define four states: s; = If you are in Delhi you get a stomach infec-
tion, and it is cold in Tokyo; s, = If you are in Delhi you get a stomach
infection, and it is not cold in Tokyo; s3 = If you are in Delhi you do not
get a stomach infection, and it is cold in Tokyo; s4 = If you are in Delhi
you do not get a stomach infection, and it is not cold in Tokyo. Now we
draw the following matrix.

Sq Sy S3 S4

London Okay, but Okay, but Okay, but Okay, but
expensive expensive expensive expensive

New Delhi  Terrible!  Terrible! Very exciting! Very exciting!

Tokyo Rather Almost as Rather Almost as
boring. exciting as N.D.  boring. exciting as N.D.

(b) Let the states be defined as in (a).

Right number (1/38) $35

Wrong number (37/38) -$1

Right number (1/38) $0
$0

Wrong number (37/38)
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2.5

2.6

2.7
2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

(c) Here is my suggestion: Very exciting! = 5, Almost as exciting as

N.D. =4, Okay, but expensive = 3, Rather boring = 2, Terrible = 1.
Your friend can be wrong in many ways. If you get $5 m back your
friend was literally speaking wrong, but you would presumably find
that outcome quite pleasing. A satisfactory formalization should take
this into account, e.g. by listing each possible (monetary) outcome as a
separate state, or by distinguishing between only two states: satisfactory
profit and unsatisfactory profit.

$1 S
a p q
[25) r S

az t u

See Box 2.1.

(a) The ranking is based on calculating the weighted average of six
indicators. Each indicator is measured on a ratio scale. (b) A possible
objection is that the weights assigned to the indicators are arbitrary.
(a) and (b).

(a) and (b).

For each scale fit holds that f(Monet) > f (Pissarro) > f(Manet) > f(Renoir).
(@) and (b) cannot be equivalent, because 8/11 # —250/2,750.
Furthermore, (a) and (c) cannot be equivalent, because 8/11 # 1,000/
3,000.

Letk=01in (4), and note that (1) will hold true for all positive constants k
and all constants m in (4).

Here is an example: [0, 1, 2] and [1, 2, 3] are equivalent interval scales,
but there is no number k such thatk - 1/2 =k - 2/3.

By definition, f(x) = k - f(x); hence, f(x) = % f (x).



