4
Updating by Conditionalization

Up to this point we have discussed synchronic credence constraints—rationally
required relations among the degrees of belief an agent assigns at a given
time. This chapter introduces the fifth (and final) core normative Bayesian
rule, Conditionalization. Conditionalization is a diachronic rule, requiring an
agent’s degrees of belief to line up in particular ways across times.

I begin by laying out the rule and some of its immediate consequences. We
will then practice applying Conditionalization using Bayes’s Theorem. Some
of Conditionalization’s consequences will prompt us to ask what notions of
learning and evidence pair most naturally with the rule. I will also explain why
it's important to attend to an agent’s total evidence in evaluating her responses
to learning.

Finally, we will see how Conditionalization helps Bayesians distinguish
two influences on an agent’s opinions: the content of her evidence, and
her tendencies to respond to evidence in particular ways. This will lead to
Chapter 5s discussion of whether multiple distinct responses to the same
evidence might ever be rationally permissible. Differing answers to that
question provide a crucial distinction between Subjective and Objective
Bayesianism.

4.1 Conditionalization

Suppose I tell you I just rolled a fair six-sided die, and give you no fur-
ther information about how the roll came out. Presumably you assign equal
unconditional credence to each of the six possible outcomes, so your credence
that the die came up six will be 1/6. I then ask you to suppose that the roll
came up even (while being very clear that this is just a supposition—I'm
still not revealing anything about the actual outcome). Applying the Ratio
Formula to your unconditional distribution, we find that rationality requires
your credence in six conditional on the supposition of even to be 1/3. Finally,
I break down and tell you that the roll actually did come up even. Now how
confident should you be that it came up six?
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I hope the obvious answer is 1/3. When you learn that the die actually came
up even, the effect on your confidence in a six is identical to the effect of
merely supposing evenness. This relationship between learning and supposing
is captured in Bayesians’ credence-updating rule:

Conditionalization: For any time #; and later time ¢, if proposition E in
£ represents everything the agent learns between #; and #;, and
cr;(E) > 0, then for any Hin £,

crj(H) = cri(H| E)

where cr; and cr; are the agents credence distributions at the two times.
Conditionalization captures the idea that an agents credence in H at t;—
after learning E—should equal her earlier ¢; credence in H had she merely
supposed E. If we label the two times in the die-roll case #; and t,, and let 6
represent the die’s coming up six and E represent its coming up even, then
Conditionalization tells us

cry(6) = cr (6 | E) (4.1)

which equals 1/3 (given what we know about your unconditional distribution
at tl)'

Warning

Some theorists take Conditionalization to define conditional credence. For
them, to assign the conditional credence cr;(H | E) =r just is to be disposed
to assign cr]«(H) =r should you learn E. As I said in Chapter 3, I take
conditional credence to be a genuine mental state, manifested by the agent
in various ways at t; (what she'll say in conversation, what sorts of bets shell
accept, etc.) beyond just her dispositions to update. For us, Conditional-
ization represents a normative constraint relating the agent’s unconditional
credences at a later time to her conditional credences earlier on.

Combining Conditionalization with the Ratio Formula gives us

cri(H&E)

) (4.2)

Cf;(H) =cri(H|E) =
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Figure 4.1 Updating on E

(when cr;(E) > 0). A Venn diagram shows why dividing these particular ¢
credences should yield the agent’s credence in H at #;. In Chapter 3 we used a
diagram like Figure 4.1 to understand conditional credences. There the white
circle represented a set of possibilities to which the agent had temporarily
narrowed her focus in order to entertain a supposition.

Now let’s imagine the rectangle represents all the possible worlds the agent
entertains at f; (her doxastically possible worlds at that time). The size of the
H-circle represents the agent’s unconditional ¢; credence in H. Between ¢; and
t; the agent learns that E is true. Among the worlds she had entertained before,
the agent now excludes all the non-E worlds. Her set of doxastic possibilities
narrows down to the E-circle; in effect, the E-circle becomes the agents new
rectangle. How unconditionally confident is the agent in H now? That depends
what fraction of her new doxastic space is occupied by H-worlds. And this
is what Equation (4.2) calculates: it tells us what fraction of the E-circle is
occupied by H & E worlds.

As stated, the Conditionalization rule is useful for calculating a single
unconditional credence value after an agent has gained evidence. But what if
you want to generate the agent’s entire #; credence distribution at once? We
saw in Chapter 2 that a rational agent’s entire f; credence distribution can be
specified by a probability table that gives the agent’s unconditional ¢; credence
in each state-description of £. To satisfy the probability axioms, the credence
values in a probability table must be non-negative and sum to 1. The agent’s
unconditional credence in any (non-contradictory) proposition can then be
determined by summing her credences in the state-descriptions on which that
proposition is true. )

When an agent updates her credence distribution by applying Conditional-
ization to some learned proposition E, we will say that she “conditionalizes on
E”. (Some authors say she “conditions on E".) To calculate the probability table
resulting from such an update, we apply a two-step process:
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1. Assign credence 0 to all state-descriptions inconsistent with the evidence
learned.

2. Multiply each remaining nonzero credence by the same constant so that
they all sum to 1.

As an example, let’s consider what happens to your confidence that the fair die
roll came up prime! when you learn that it came up even:

P|E| cry | cry
T|T|1/6]|1/3
TIF[{1/3] 0
FIT]1/3|2/3
FIF|1/6]| 0

Here we've used a language £ with atomic propositions P and E representing
“prime” and “even’”. The cr; column represents your unconditional credences
at time ¢;, while the cr, column represents your ¢, credences. Between #; and
t, you learn that the die came up even. Thats inconsistent with the second
and fourth state-descriptions, so in the first step of our update process their
cr,-values go to 0. The cry-values of the first and third state-descriptions (1/6
and 1/3 respectively) add up to only 1/2. So we multiply both of these values
by 2 to obtain unconditional t,-credences summing to 1.2

In this manner, we generate your unconditional state-description credences
at t, from your state-description credences at ;. We can then calculate cr,-
values for other propositions. For instance, adding up the cr,-values on the
lines that make P true, we find that

cry,(P)=1/3 (4.3)

Given your initial distribution, your credence that the die came up prime after
learning that it came up even is required to be 1/3. Hopefully that squares with
your intuitions about what’s rationally required in this case!

One final note: Our two-step process for updating probability tables yields
a handy fact. Notice that in the second step of the process, every state-
description that hasn't been set to zero is multiplied by the same constant.
When two values are multipled by the same constant, the ratio between
them remains intact. This means that if two state-descriptions have nonzero
credence values after an update by Conditionalization, those values will stand
in the same ratio as they did before the update. This fact will prove useful
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for problem-solving later on. (Notice that it applies only to state-descriptions;
propositions that are not state-descriptions may not maintain their credence
ratios after a conditionalization.)

4.1.1 Consequences of Conditionalization

If we adopt Conditionalization as our updating norm, what follows? When an
agent updates by conditionalizing on E, her new credence distribution is just
her earlier distribution conditional on E. In Section 3.1.2 we saw that if an
agent’s credence distribution obeys the probability axioms and Ratio Formula,
then the distribution she assigns conditional on any particular proposition (in
which she has nonzero credence) will be probabilistic as well. This yields the
important result that if an agent starts off obeying the probability axioms and
Ratio Formula and then updates by Conditionalization, her resulting credence
distribution will satisfy the probability axioms as well.?

The process may then iterate. Having conditionalized her probabilistic dis-
tribution cr; on some evidence E to obtain probabilistic credence distribution
cry, the agent may then gain further evidence E’, which she conditionalizes
upon to obtain cr; (and so on). Moreover, conditionalization has the elegant
mathematical property of being cumulative: Instead of obtaining cr; from cr;
in two steps—first conditionalizing cr; on E to obtain cr,, then conditional-
izing cr, on E’ to obtain cr;—we can generate the same cr; distribution by
conditionalizing cr; on E& E’, a conjunction representing all the propositions
learned between t; and t;. (You'll prove this in Exercise 4.3.) Because condi-
tionalization is cumulative it is also commutative: Conditionalizing first on E
and then E’ has the same effect as conditionalizing in the opposite order.

Besides being mathematically elegant, cumulativity and commutativity
are intuitively plausible features of a learning process. Suppose a detective
investigating a crime learns that the perpetrator was an Italian accordionist,
and updates her credences accordingly. Intuitively, it shouldn’t matter if we
describe this episode as the detective’s learning first one piece of evidence and
then another (first that the perpetrator was Italian, and then that he was an
accordionist) or as the detective’s learning a single conjunction containing
both. Because conditionalization is cumulative, it will prescribe the same
ultimate credences for the detective on either construal. Similarly, it shouldn’t
matter whether we take her to have learned that the perpetrator was an Italian
accordionist or an accordion-playing Italian. Because conditionalization is
commutative, the order in which pieces of evidence are presented makes no

difference to an agent’s ultimate credences.*
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When an agent conditionalizes on evidence E, what happens to her uncon-
ditional credence in that very evidence? Substituting E for H in Equation (4.2)
(and recalling that E & E is equivalent to E), we can see that if an agent learns
Ebetween f; and #; then

cri(E) =1 (4.4)

Conditionalization creates certainties; conditionalizing on a piece of evidence
makes an agent certain of that evidence. Moreover, any proposition entailed
by that evidence must receive at least as high a credence as the evidence (by
our Entailment rule). So an agent who conditionalizes also becomes certain of
any proposition entailed by the evidence she learns.

And conditionalization doesn’t just create certainties; it also retains them.
If an agent is certain of a proposition at ¢; and updates by Conditionalization,
she will remain certain of that proposition at ¢;. That is, if cr;(H)=1 then
Conditionalization yields crj(H ) = 1 aswell. On a probability table, this means
that once a state-description receives credence 0 at a particular time (the agent
has ruled out that possible state of the world), it will receive credence 0 at all
subsequent times as well.

In Exercise 4.2 you'll prove that conditionalizing retains certainties from
the probability axioms and Ratio Formula. But it’s easy to see why this occurs
on a Venn diagram. You're certain of H at ¢; when H is true in every world
you consider a live doxastic possibility. Conditionalizing on E strictly narrows
the set of possible worlds you entertain. So if H was true in every world you
entertained before conditionalizing, it'll be true in every world you entertain
afterwards as well.

Combining these consequences of Conditionalization yields a somewhat
counterintuitive result, to which we’ll return in later discussions. Condition-
alizing on E between two times makes that proposition (and any proposition
it entails) certain. Future updates by Conditionalization will then retain that
certainty. So if an agent updates by conditionalizing throughout her life, any
piece of evidence she learns at any point will remain certain for her ever after.

What if an agent doesn't learn anything between two times? Bayesians
represent an empty evidence set as a tautology. So when an agent gains no
information between ¢; and #;, Conditionalization yields

cri(H) = cr(H|T) = cr(H) (4.5)

for any H in £. (The latter half of this equation comes from Equation (3.7),
which noted that credences conditional on a tautology equal unconditional
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credences.) If an agent learns nothing between two times and updates by
Conditionalization, her degrees of confidence remain unchanged.

4.1.2 Probabilities are weird! The Base Rate Fallacy

Bayes’s Theorem expresses a purely synchronic relation; as we saw in Section
3.1.3, for any time t; it calculates cr;(H | E) in terms of other credences assigned
at that time. Nevertheless, our diachronic Conditionalization rule gives Bayes’s
Theorem added significance. Conditionalization says that your unconditional
t; credence in hypothesis H after learning E should equal cr;(H| E). Bayess
Theorem is a tool for calculating this crucial value (your “posterior” at t;) from
other credences you assign at #;. As new evidence comes in over time and we
repeatedly update by conditionalizing, Bayes’s Theorem can be a handy tool
for generating new credences from old.

For example, we could’ve used Bayess Theorem to answer our earlier
question of what happens to your credence in six when you learn that a fair
die roll has come up even. The hypothesis is 6, and the evidence is E (for even).
By Conditionalization and then Bayes’s Theorem,

cry(E[6) - cry (6)

en(6) = eny(6| B) = =

(4.6)

cry(6), your prior credence in a six, is 1/6, and cr;(E), your prior credence in
even, is 1/2. The likelihood of E, cr,(E| 6), is easy—its 1. So the numerator is
1/6, the denominator is 1/2, and the posterior cr;(6 | E) = cr,(6) = 1/3 as we
saw before.’

Let’s apply Bayes’s Theorem to a more interesting case:

One in 1,000 people have a particular disease. You have a test for the presence
of the disease that is 90% accurate, in the following sense: If you apply the
test to a subject who has the disease it will yield a positive result 90% of the
time, and if you apply the test to a subject who lacks the disease it will yield a
negative result 90% of the time.

You randomly select a person and apply the test. The test yields a positive
result. How confident should you be that this subject actually has the disease?

Most people—including trained medical professionals!—answer this question
with a value around 80% or 90%. But if you set your credences by the statistics
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given in the problem, the rationally required degree of confidence that the
subject has the disease is less than 1%.

We'll use Bayes’s Theorem to work that out. Let D be the proposition that the
subject has the disease and P the proposition that when applied to the subject,
the test yields a positive result. Here D is our hypothesis, and P is the evidence
acquired between t; and t,. At t; (before applying the test) we take the subject
to be representative of the population, giving us priors for the hypothesis and
the catchall:

cr;(D) = 0.001 cri(~D) = 0.999

The accuracy profile of the test gives us likelihoods for the hypothesis and
catchall:

cr(P|D) =09 cri(P|~D) = 0.1

In words, you're 90% confident that the test will yield a positive result given that
the subject has the disease, and 10% confident that we'll get a “false positive”
on the supposition that the subject lacks the disease.

Now we'll apply a version of Bayes's Theorem from Section 3.1.3, in which
the Law of Total Probability has been used to expand the denominator:

cry(P|D) - cri(D)
cri(P| D) - cry(D) + cry(P| ~D) - cri(~D)
3 0.9 - 0.001 (4.7)
~0.9-0.001 4+ 0.1-0.999
~ 0.009 = 0.9%

cry(D) =

So theres the calculation. After learning of the positive test result, your
credence that the subject has the disease should be a little bit less than 1%.
But even having seen this calculation, most people find it hard to believe. Why
shouldn’t we be more confident that the subject has the disease? Wasn’t the
test 90% accurate?

Tversky and Kahneman (1974) suggested that in cases like this one, people’s
intuitive responses ignore the “base rate” of a phenomenon. The base rate in
our example is the prior credence that the subject has the disease. In this case,
that base rate is extremely low (1 in 1,000). But people tend to forget about
the base rate and be overwhelmed by accuracy statistics (such as likelihoods)
about the test. This is known as the Base Rate Fallacy.

Why is the base rate so important? To illustrate, let’s suppose you applied this
test to 10,000 people. Using the base rate statistics, we would expect about ten
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of those people to have the disease. Since the test gives a positive result for 90%
of people who have the disease, we would expect these ten diseased people to
yield about nine positive results—so-called “true positives”. Then there would
be about 9,990 people lacking the disease. Since cr;(P | ~D)—the false positive
rate—is 10%, wed expect to get about 999 false positive results. Out of 1,008
positive results the test would yield, only nine of those subjects (or about 0.9%)
would actually have the disease. This particular disease is so rare—its base rate
is so tiny—that even with an accurate test we should expect the false positives
to swamp the true positives. So when a single randomly selected individual
takes the test and gets a positive result, we should be much more confident
that this is a false positive than a true one.

Another way to see what’s going on is to consider the Bayes factor of the
evidence you receive in this case. Using Conditionalization and the Ratio
Formula, we can derive

cy(H)  ayH|E) _ cfH) c(E|H)
or(~H) — e(~HIE) - ar(~H)  cr(E| ~H)

(4.8)

That last fraction on the right—the ratio of the likelihood of the hypothesis
to the likelihood of the catchall—is the Bayes factor. Personally, I found this
equation fairly impenetrable until I remembered that cr(H)/cr(~H) is an
agent’s odds for the proposition H (Section 2.3.4). That means we can rewrite
Equation (4.8) as

odds for H after update = odds for H before update - Bayes factor ~ (4.9)

If you update by Conditionalization, learning E multiplies your odds for H by
the Bayes factor. The Bayes factor thus provides a handy way to measure how
much learning E affects your opinion about the hypothesis.

In our disease example, the Bayes factor is

c;(P|D) 09
a.(P[~D) = 01 =9 (4.10)
At t}, your odds for D are 1:999. Applying the test has a substantial influence
on these odds; as the Bayes factor reveals, a positive test result multiplies the
odds by 9. This reflects the high accuracy of the test. Yet since the odds were so
small initially, multiplying them by 9 only brings them up to 9:999. So even
after seeing the test outcome, you should be much more confident that the
subject doesn’t have the disease than you are that she does.®
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4.2 Evidence and certainty

Combining Conditionalization with the probability axioms and Ratio Formula
creates a Bayesian approach to evidence that many have found troubling.
Conditionalization works with a proposition E representing everything the
agent learns between two times. (If many propositions are learned, E is their
conjunction.) We also speak of E as the evidence the agent gains between those
two times. Yet Conditionalization gives E properties that epistemologists don’t
typically attribute to evidence.

We've already seen that a piece of evidence E (along with anything it entails)
becomes certain once conditionalized upon. When an agent learns E, the set
of doxastically possible worlds she entertains shrinks to a set of worlds that all
make E true; on the Venn diagram, what once was merely an E-circle within
her rectangle of worlds now becomes the entire rectangle. And as we saw in
Section 4.1.1, this change is permanent: as long as the agent keeps updating
by Conditionalization, any evidence she once learned remains certain and
possible worlds inconsistent with it remain ruled out.

Is there any realistic conception of evidence—and of learning—that satisfies
these conditions? When I learn that my sister is coming over for Thanksgiving
dinner, I become highly confident in that proposition. But do I become 100%
certain? Do I rule out all possible worlds in which she doesn’t show, refusing
to consider them ever after? As Richard C. Jeffrey put it:

Certainty is quite demanding. It rules out not only the far-fetched uncertain-
ties associated with philosophical skepticism, but also the familiar uncertain-
ties that affect real empirical inquiry in science and everyday life.

(2004, p. 53)

This concern about certainties motivates the

Regularity Principle: In a rational credence distribution, no logically con-
tingent proposition receives unconditional credence 0.

The Regularity Principle captures the common-sense idea that one’s evidence
is never so strong as to entirely rule out any logical possibility. (Recall that
a logically contingent proposition is neither a logical contradiction nor a
logical tautology.)” As damning evidence against a contingent proposition
mounts up, we may keep decreasing and decreasing our credence in it, but our
unconditional credence distribution should always remain regular—it should
assign each logically contingent proposition at least a tiny bit of confidence.®
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The Regularity Principle adds to the synchronic Bayesian rules we have seen
so far—it is not entailed by the probability axioms, the Ratio Formula, or any
combination of them. As our Contradiction result showed in Section 2.2.1,
those rules do entail that all logical contradictions receive credence 0. But
Regularity is the converse of Contradiction; instead of saying that all contra-
dictions receive credence 0, it entails that only contradictions do. Similarly,
Regularity (along with the probability axioms) entails the converse of Nor-
mality: instead of saying that all tautologies receive credence 1, it entails that
only tautologies do. (The negation of a contingent proposition is contingent;
if we were to assign a contingent proposition credence 1 its negation would
receive credence 0, in violation of Regularity.) This captures the common-
sense idea that one should never be absolutely certain of a proposition that’s
not logically true.’

Conditionalization conflicts with Regularity; the moment an agent condi-
tionalizes on contingent evidence, she assigns credence 1 to a non-tautology.
As we saw earlier, conditionalizing on contingent evidence rules out doxastic
possibilities the agent had previously entertained; on the Venn diagram, it
narrows the set of worlds under consideration. Regularity, on the other hand,
fixes an agent’s doxastic possibility set as the full set of logical possibilities.
While evidence might shift the agent’s credences around among various pos-
sible worlds, an agent who satisfies Regularity will never eliminate a possible
world outright.

We might defend Conditionalization by claiming that whenever agents
receive contingent evidence, it is of a highly specific kind, and Regularity is
false for this kind of evidence. Perhaps I don't actually learn that my sister is
coming over for Thanksgiving—TI learn that she told me she’s coming; or that it
seemed to me that she said that; or that I had a phenomenal experience as of....
Surely I can be certain what phenomenal experiences I've had, or at least what
experiences 'm having right now. While in the midst of having a particular
phenomenal experience, can't I entirely rule out the logical possibility that
I am having a different experience instead? C.I. Lewis defended this approach
as follows:

If anything is to be probable, then something must be certain. The data which
themselves support a genuine probability, must themselves be certainties. We
do have such absolute certainties, in the sense data initiating belief and in
those passages of experience which later may confirmit. (1946, p. 186)

Yet foundationalist epistemologies based on sense data and indubitable phe-
nomenology have become unpopular in recent years. So it’s worth considering
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other ways to make sense of Conditionalizations conception of evidence.
Levi (1980) took credence-1 propositions to represent “standards of serious
possibility”:

When witnessing the toss of a coin, [an agent] will normally envisage as
possibly true the hypothesis that the coin will land heads up and that it will
land tails up. He may also envisage other possibilities—e.g., its landing on its
edge. However, if he takes for granted even the crudest folklore of modern
physics, he will rule out as impossible the coin’s moving upward to outer space
in the direction of Alpha Centauri. He will also rule out the hypothesis that
the Earth will explode. (p. 3)

However, Levi formalized his standards of serious possibility so that they could
change—growing either stronger or weaker—for a given agent over time. So
his approach did not fully embrace Conditionalization.

Alternatively, we could represent agents as ruling out contingent possibil-
ities only relative to a particular inquiry. Consider a scientist who has just
received a batch of experimental data and wants to weigh its import for a set
of hypotheses. There are always outlandish possibilities to consider: the data
might have been faked; the laws of physics might have changed a moment
ago; she might be a brain in a vat. But to focus on the problem at hand, she
might conditionalize on the data and see where that takes her credences in
the hypotheses. Updating by Conditionalization might fail as a big-picture,
permanent strategy, but nevertheless could be useful in carefully delimited
contexts. (I mentioned this possibility in Section 2.2.3.)

Perhaps these interpretations of evidence conditionalized-upon remain
unsatisfying. We will return to this problem in Chapter 5, and consider a
generalized updating rule (Jeffrey Conditionalization) that allows agents to
redistribute their credences over contingent possibilities without eliminating
any of them entirely. For the rest of this chapter we will simply assume that
Conditionalization on some kind of contingent evidence is a rational updating
rule, so as to draw out further features of such updates.

4.2.1 Probabilities are weird! Total Evidence
and the Monty Hall Problem

Classical entailment is monotonic in the following sense: If a piece of evidence
E entails H, any augmentation of that evidence (any conjunction that includes
E as a conjunct) will entail H as well. Probabilistic relations, however, can be
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nonmonotonic: H might be highly probable given E, but improbable given
E & E'. For this reason, it's important for an agent assigning credences on the
basis of her evidence to consider all of that evidence, and not simply draw
conclusions from a subset of it. Carnap (1947) articulated the Principle of
Total Evidence that a rational agent’s credence distribution takes into account
all of the evidence she possesses.

An agent may violate the Principle of Total Evidence by failing to take into
account the manner in which she gained particular information. If the agent is
aware of the mechanism by which a piece of information was received, it can
be important to recognize facts about that mechanism as a component of her
total evidence (along with the information itself). In Eddington’s (1939) classic
example, you draw a sample of fish from a lake, and all the fish you draw are
longer than six inches. Normally, updating on this information would increase
your confidence that every fish in the lake is at least that long. But if you know
the net used to draw the sample has big holes through which shorter fish fall, a
confidence increase is unwarranted. Here it's important to conditionalize not
only on the lengths of the fish but also on how they were caught. The method
by which your sample was collected has introduced an observation selection
effect into the data.!?

Observation selection effects are crucial to a famously counterintuitive
probability puzzle, the Monty Hall Problem (Selvin 1975):

In one of the games played on Let’s Make a Deal, a prize is randomly hidden
behind one of three doors. The contestant selects one door, then the host
(Monty Hall) opens one of the doors the contestant didn’t pick. Monty knows
where the prize is, and makes sure to always open a door that doesn’t have the
prize behind it. (If both the unselected doors are empty, he randomly chooses
which one to open.) After he opens an empty door, Monty asks the contestant
if she wants what’s behind the door she initially selected, or what’s behind
the other remaining closed door. Assuming she understands the details of
Monty’s procedure, how confident should the contestant be that the door she
initially selected contains the prize?

Most people’s initial reaction is to answer 1/2: the contestant originally spread
her credence equally among the three doors; one of them has been revealed
to be empty; so she should be equally confident that the prize is behind each
of the remaining two. This analysis is illustrated by the following probability
table:
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cry | cry
Prize behind door A | 1/3 | 1/2
Prize behinddoorB | 1/3 | 0

Prize behind door C | 1/3 | 1/2

Here we've used the obvious partition of three locations where the prize
might be. Without loss of generality, I've imagined that the contestant initially
selects door A and Monty then opens door B. At time #;—after the contestant
has selected door A but before Monty has opened anything—she is equally
confident that the prize is hidden behind each of the three doors. When Monty
opens door B at ,, the contestant should conditionalize on the prize’s not being
behind that door. This yields the cr, distribution listed above, which matches
most people’s intuitions.

Yet the contestant’s total evidence at ¢, includes not only the fact that the
prize isn’t behind door B but also the fact that Monty chose that door to
open for her. These two propositions aren’t equivalent among the agent’s
doxastically possible worlds at #;; there are possible worlds consistent with
what the contestant knows about Monty’s procedure in which door B is empty
yet Monty opens door C. That door B was not only empty but was revealed to
be empty is not expressible in the partition used above. So we need a richer
partition, containing information both about the location of the prize and
about what Monty does:

cry | cr,
Prize behind door A & Monty revealsB | 1/6 | 1/3
Prize behind door A & Monty revealsC | 1/6 | 0
Prize behind door B & Monty reveals C | 1/3 | 0
Prize behind door C & Monty revealsB | 1/3 | 2/3

Given what the agent knows of Monty’s procedure, these four propositions
partition her doxastic possibilities at #;. At that time she doesn’t know where
the prize is, but she has initially selected door A (and Monty hasn’t opened
anything yet). If the prize is indeed behind door A, Monty randomly chooses
whether to open B or C. So the contestant divides her 1/3 credence that the
prize isbehind door A equally between those two options. If the prize is behind
door B, Monty is forbidden to open that door as well as the door the contestant
selected, so Monty must open C. Similarly, if the prize is behind door C, Monty
must open B.
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At t, Monty has opened door B, so the contestant conditionalizes by setting
her credences in the second and third partition members to 0, then multiplying
the remaining values by a constant so that they sum to 1. This maintains the
ratio between her credences on the first and fourth lines; initially she was twice
as confident of the fourth as the first, so she remains twice as confident after
the update. She is now 2/3 confident that the prize isn’t behind the door she
initially selected, and 1/3 confident that her initial selection was correct. If she
wants the prize, the contestant should switch doors.

This is the correct analysis. If you find that surprising, the following expla-
nation may help: When the contestant originally selected her door, she was
1/3 confident that the prize was behind it and 2/3 confident that the prize
was somewhere else. If her initial pick was correct, she claims the prize just
in case she sticks with that pick. But if her initial selection was wrong, she wins
by switching to the other remaining closed door, because it must contain the
prize. So there’s a 1/3 chance that sticking is the winning strategy, and a 2/3
chance that switching will earn her the prize. Clearly switching is a better idea!

When I first heard the Monty Hall Problem, even that explanation didn’t
convince me. I only became convinced after I simulated the scenario over
and over and found that sticking made me miss the prize roughly two out of
three times. If youre not convinced, try writing a quick computer program
or finding a friend with a free afternoon to act as Monty Hall for you a few
hundred times. You'll eventually find that the probability table taking total
evidence into account provides the correct analysis.!

One final note about total evidence: I may have convinced you that taking
your total evidence into account is a good idea, but you might be concerned
that it’s impossible. After all, at each conscious moment an agent receives
torrents of information from her environment. How can she take it all into
account when assigning a credence to a particular proposition—say, the propo-
sition that the cheese sandwich on the counter in front of her has not yet gone
bad?

The nonmonotonicity of probabilistic relations means that a rational agent
cannot afford to ignore any of her evidence. But many of the propositions
an agent learns in a given moment will be irrelevant to the matter under
consideration relative to her current credence distribution. That is, for many
pieces of evidence her credence in the proposition at issue would be the same
whether she conditionalized on that particular piece of evidence or not. As
the agent ponders her cheese sandwich, information about the color of the
bird that just flew by or the current position of her right hand makes no
difference to her credence that the sandwich is edible. So while a rational
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agent doesn't ignore any of her total evidence, the irrelevance of much of that
evidence permits her to focus in on the few pieces of evidence that are relevant
to the proposition under consideration. For this reason, Bayesians often bypass
discussion of an agent’s total evidence in favor of discussing her total relevant
evidence."?

4.3 Priors and standards
4.3.1 Initial priors

Consider a rational agent with probabilistic credences who updates by Condi-
tionalization each time she gains new evidence, for her entire life. At a given
moment £; she has a credence distribution cr;. She then gains new evidence
E and updates by Conditionalization. Her unconditional cr; values provide
the priors for that update, and her cr; values conditional on E provide the
posteriors. By Conditionalization, these posteriors become her unconditional
credences at the next time, . Then she receives a new piece of evidence E'. Her
unconditional cr; values supply the priors for a new update, and her cr; values
conditional on E’ are the posteriors.

And so it goes. We have already seen that if this agent updates by Condi-
tionalization every time she learns something new, she will gain contingent
certainties over time and never lose any of them. So her entire doxastic life
will be a process of accumulating empirical evidence from her environment,
building a snowball of information that never loses any of its parts.

What happens if we view that process backwards, working from the agent’s
present doxastic state back through the states she assigned in the past? Her
current unconditional credences resulted from an earlier update by Condition-
alization. Relative to that update, her current credences were the posteriors
and some other distribution provided the priors. But those priors, in turn,
came from a conditionalization. So they were once the posteriors of an even
earlier set of priors. As we go backwards in time, we find a sequence of cre-
dence distributions, each of which was conditionalized to form the next. And
since each conditionalization strictly added evidence, the earlier distributions
contain successively less and less contingent information as we travel back.

Bayesian epistemologists often imagine marching backwards in this fashion
until theres no farther back to go. They imagine that if you went back far
enough, you would find a point at which the agent possessed literally no
contingent information. This was the starting point from which she gained her
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Figure 4.2 An initial prior?

very first piece of evidence, and made her first update by Conditionalization.
The agent’s credence distribution at this earliest point is sometimes called her
initial prior distribution (or her “ur-prior”).

Let’s think about the properties an initial prior distribution would have.
First, since the credence distributions that develop from an initial prior by
Conditionalization are probability distributions, it's generally assumed that
the initial prior satisfies the Kolmogorov axioms (and Ratio Formula) as well.
Second, it’s thought that since at the imagined initial moment (call it #;) the
agent possessed no contingent information, she should not have been certain
of any contingent propositions. In other words, the initial prior distribution
cry should be regular (should assign nonextreme values to all contingent
propositions). Finally, think about how cr relates to a credence distribution
our agent assigns at some arbitrary moment t; later on. We could recover cr; by
conditionalizing cr, on the first piece of evidence the agent ever learned, then
conditionalizing the result of that update on the second piece of evidence she
learned, and so on until we reach cr;. But since conditionalizing is camulative,
we could also roll up together all of these intermediate steps and get from
cry to cr; in one move. Suppose the proposition E; represents the agent’s total
evidence at ¢;—the conjunction of all the individual pieces of evidence she’s
learned since t;. Then as long as the agent has updated by conditionalizing at
every step between f, and t;, cumulativity guarantees that cr;(-) = cry(: | E)).
A rational agent’s credence distribution at any given time is her initial prior
distribution conditional on her total evidence at that time.

This idea is illustrated in Figure 4.2. Each credence distribution is generated
from the previous one by conditionalizing on the evidence learned (solid
arrows). But we can also derive each distribution directly (dashed arrows) by
conditionalizing cr, on the agent’s total evidence at the relevant time (E; for
cr;, E; for crj, etc.).

The initial-priors picture is an attractive one, and bears a certain mathe-
matical elegance. The trouble is that it can at best be a myth. Was there ever
a time in a real agent’s life when she possessed no contingent information?
Since cry satisfies the probability axioms, it must be perfectly attuned to logical
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relations (such as mutual exclusivity and entailment) and assign a value of 1 to
all tautologies. So the agent who assigns this initial prior must be omniscient
logically while totally ignorant empirically. In seminars, David Lewis used to
call such highly intelligent, blank creatures “superbabies”; while some Bayesian
artificial intelligence systems may be like this, I doubt any human has ever
been.!* Moreover, 'm not sure it even makes sense for an agent with no
contingent information to assign precise numerical credences to the kinds of
elaborate, highly detailed empirical claims that are real humans’ stock in trade.

4.3.2 Epistemic standards

Yet the formal mechanism employed by the initial priors myth—a regular
probability distribution conditionalized on total evidence to generate credence
distributions at arbitrary times—can be repurposed to represent something
important in epistemology. To get a sense of what I'm talking about, let’s
consider an example:

Question: When playing a hand of five-card stud, how confident should you
become that you’ll win the hand upon learning that your last card will be the
two of clubs?

Answer: Depends how far you are in the game, and what’s happened up to that
point.

Five-card stud is a poker game in which you receive a total of five cards, one at
a time. Four of a kind (four out of five cards showing the same number) is an
excellent, almost unbeatable hand in this game. So let’s suppose that your first
four cards in this particular hand of five-card stud were the jack of spades, the
two of diamonds, the two of hearts, and then the two of spades. With that
background information, discovering that your last card will be the two of
clubs should make you almost certain that you’ll win. (Depending in part on
what you know of the other players’ hands.)

An agent’s epistemic standards govern how she reacts to particular pieces
of news. These epistemic standards are determined in part by an agent’s total
evidence, and as such evolve over time. At the beginning of a hand of five-
card stud, before any cards are dealt, learning that your last card will be the
two of clubs (perhaps by peeking into the deck) would not make you very
confident of winning the hand. Similarly, after seeing your first card (the jack
of spades), a final two of clubs wouldn’t seem like very good news. But for each
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successive two you receive after that point, your ongoing epistemic standards
change such that learning the final card will be a two would make you more
and more confident of a win.

When two people react differently to acquiring the same piece of infor-
mation, they are applying different epistemic standards. We usually attribute
the difference in their standards to differences in their previous experience.
When one student in a class insists on answering every question, pontificates
at length, and refuses to consider others’ ideas, some of his fellow students
might conclude that this person is the most knowledgeable in the room. But
the teacher (or other students with more experience) might draw the opposite
conclusion, informed by a broader pool of evidence about how particular
personality types behave in conversation.

Yet how should we understand cases in which agents draw different con-
clusions despite sharing the same total evidence? Hiring committees form
different beliefs about candidates’ suitability from the same application files;
jurors disagree about a defendant’s guilt after witnessing the same trial; sci-
entists embrace different hypotheses consistent with the same experimental
data. These seem to be cases in which agents share a common body of total
evidence, or at least total evidence relevant to the question at hand. So it can’t
be some further, unshared piece of extra evidence that’s leading the agents to
draw differing conclusions.

One could stubbornly maintain that in every real-life case in which agents
interpret a piece of evidence differently, that difference is entirely attributable
to the vagaries of their background information. But I think this would be a
mistake. In addition to variations in their total evidence, agents have varying
ways of interpreting their total evidence. Some people are naturally more
skeptical than others, and so require more evidence to become confident
of a particular proposition (that humans actually landed on the moon, that
a lone gunman shot JFK, that the material world exists). Some people are
interested in avoiding high confidence in falsehoods, while others are more
interested in achieving high confidence in truths. (The former will tend to
prefer noncommittal credences, while the latter will be more willing to adopt
credence values near 0 and 1.) Some scientists are more inclined to believe
elegant theories, while others incline toward the theory that hews closest to the
data. (When the Copernican theory was first proposed, heliocentrism fit the
available astronomical data worse than Ptolemaic approaches (Kuhn 1957).)

The five-card stud example illustrated what I will call ongoing epistemic
standards. Ongoing epistemic standards reflect how an agent is disposed at
a given time to assign attitudes in light of particular pieces of evidence she
might receive. At any given time, an agent’s credences can be determined
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from the last piece of evidence she acquired and the ongoing standards she
possessed just before she acquired it (with the latter having been influenced by
pieces of evidence she acquired even earlier than that). Yet there’s another way
to think about the influences on an agent’s attitudes at a given time: we can
separate out the influence of her total evidence from the influence of whatever
additional, non-evidential factors dictate how she assesses that evidence. I refer
to the latter as the agent’s ultimate epistemic standards. An agent’s ultimate
epistemic standards capture her evidence-independent tendencies to respond
to whatever package of total evidence might come her way.!*

Warning

Don't take the talk of “standards” in “epistemic standards” too literally.
It’s not as if agents have a clearly defined set of principles that they apply
to evidence whenever they interpret its significance, each of which is “an
epistemic standard” Most of the time we draw conclusions from evidence
without much deliberate thought at all, through a variety of methods that
are scarcely systematic. Still, epistemologists need a way to refer to an
agent’s entire, disorganized bundle of dispositions to interpret evidence in
particular ways—that bundle, taken as a unified whole, is what we mean by
“her epistemic standards”!®

In the next section we'll develop a formal, Bayesian representation of
an agent’s epistemic standards. Again, don’t read the math as a report of
what’s going on in the agent’s psychology—I don’t do a bunch of probability
calculations every time I try to figure out where my earbuds are. Instead,
think of it as a succinct way to summarize what the agent would conclude
from a variety of bodies of total evidence, regardless of how the agent
actually goes about drawing such conclusions.

4.3.3 Hypothetical priors

How might we formally represent an agent’s ultimate epistemic standards? A
moment ago, I said that the attitudes an agent adopts at any given time combine
two influences: her total evidence and her ultimate epistemic standards. So
we can think of the agent’s epistemic standards as a function from possible
bodies of evidence to sets of attitudes adopted in response. This function can
be represented in many ways—as a table listing outputs for specific inputs, as a
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complicated graph, etc. But Bayesians have a particularly useful representation
already to hand. We can represent an agents ultimate epistemic standards
using a regular probability distribution Pry; over her language £, which we call
her hypothetical prior distribution. I'll presently give an example of how to
build such a representation from information about an agent’s credences. The
key point for now is that once we've constructed a hypothetical prior for an
agent, we can recover from it her credence distribution cr; at any given time ¢,
as long as we know her total evidence E; at that time. We simply conditionalize
Pry on E;, and the result is cr;, Combining the agent’s ultimate epistemic
standards (Pry) with her total evidence (E;) recovers her set of attitudes (cr;).

Once we've constructed a hypothetical prior Pry for an agent, we can
conditionalize it not only on bodies of total evidence she’s possessed in the
past but also on bodies of evidence she might possess in the future. The
hypothetical prior is thus a highly efficient summary of all the attitudes an
agent might ever adopt in response to bodies of evidence at various times of
her life. Almost miraculously, such a compact summary will be available for
any agent whose lifelong credences satisfy the five core Bayesian rules. This is
guaranteed by the

Hypothetical Priors Theorem: Given any finite series of credence distri-
butions {cr;,cr,, ..., cr,}, each of which satisfies the probability
axioms and Ratio Formula, let E; be a conjunction of the agent’s
total evidence at t;. If each cr; is related to cr;,; as specified by
Conditionalization, then there exists at least one regular probability
distribution Pr; such that for all 1 < i< n,

cry(-) = Pry(- | Ey)

In other words, if at each time in an agent’s life her credence distribution
satisfies the probability axioms and Ratio Formula, and if she updates those
distributions from one time to the next according to Conditionalization, then
there will necessarily exist at least one hypothetical prior Pry that relates to
every credence distribution she ever assigns according to the formula above.
(You’ll prove this theorem in Exercise 4.8.)

Notice that the Hypothetical Priors Theorem specifies the existence of a
vregular probability distribution Pry. Given any rational Bayesian agent, we
can recover her credence distribution at a given time by conditionalizing her
hypothethical prior on her total contingent evidence at that time. Yet being
regular, the hypothetical prior does not assign any contingent certainties itself.
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Figure 4.3 A hypothetical prior

So when we are confronted with the agent’s credences at a particular time,
we can cleanly factor out the two distinct influences on those credences: her
total evidence (a set of contingent propositions in her language she takes for
certain at that time) and her epistemic standards (represented by a hypothetical
prior distribution assigning no contingent certainties). This is how a Bayesian
represents the idea that ultimate epistemic standards are extra-evidential;
instead of containing any contingent information about the world, epistemic
standards express whatever the agent brings to bear on her evidence that isn't
based on evidence itself.'s

Hypothetical priors are convenient because they have a mathematical form
with which were already familiar: a regular probability distribution over
language £. Yet a hypothetical prior distribution is not a credence distribu-
tion.!” An agent’s hypothetical priors are not degrees of belief we imagine she
espoused at some particular point in her life, or would espouse under some
hypothetical conditions. This is what distinguishes them from the mythical
initial priors.”® Hypothetical priors summarize an agent’s abstract evidential
assessment tendencies, and stay constant throughout her life as long as she
obeys the Conditionalization update rule. Instead of appearing somewhere
within the series of credence distributions the agent assigns over time, the
hypothetical prior “floats above” that series, combining with the agent’s total
evidence to create members of the series at each given time. As de Finetti puts
it, “If we reason according to Bayes’ theorem we do not change opinion. We
keep the same opinion and we update it to the new situation” (de Finetti 1995,
p- 100, translated by and quoted in Galavotti 2005, p. 215).

This arrangement is depicted in Figure 4.3. Again, the solid arrows repre-
sent conditionalizations from one time to the next, while the dashed arrows
represent the possibility of generating an agent’s distribution at any given time
by conditionalizing Pry; on her total evidence at that time.

Now let’s show how we can construct a hypothetical prior from information
about the credences an agent assigns over time. Suppose Ava has drawn two
coins from a bin that contains only fair coins and coins biased toward heads.
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Prior to time ¢, she has inspected both coins and determined them to be fair.
Between t; and t, she flips the first coin, which comes up heads. Between ¢,
and t;, the second coin comes up tails.

Our language £ will contain three atomic propositions: N, that neither coin
Ava picked is biased; Ha, that the first flip comes up heads; and Hb, that the
second flip is heads. Presumably the following probability table describes Ava’s
credences over time:

N | Ha | Hb| cry | cry | crg
T T T (1/4(1/2] 0
T T Fl1u4]1/2] 1
T| F T |1/4] 0 0
T| F F|1/4] 0 0
Fi+ T T 0 0 0
FI T F 0 0 0
F F T 0 0 0
F| F F 0 0 0

In this example, Ava’s total evidence at #; (or at least her total evidence
representable in language £) is N. We'll call this proposition E;. Between t;
and t,, Ava learns Ha. So cr, is cr; conditionalized on Ha, and Ava’s total
evidence at t, (which we'll call E,) is N & Ha. After ¢, Ava learns ~Hb, so cr;
is cr, conditionalized on ~Hb, and E; is N & Ha & ~Hb. Notice that since N is
part of Ava’s evidence at all times reflected in this table, she assigns credence 0
throughout the table to any state-description on which N is false.

Since Ava’s credence distributions cr; through cr; are probabilistic, and
update by Conditionalization, the Hypothetical Priors Theorem guarantees
the existence of at least one hypothetical prior Pry standing in a particular
relation to Ava’s credences. I've added a column to the probability table below
representing one such hypothetical prior:

N |Ha |Hb | cry | cry|cty | Pry
T T T (1/4(1/2] 0 1/16
T| T Fl1/4|1/2] 1 1/16
T F T |1/4] 0 0 1/16
T F F | 1/4]| 0 0 1/16
FIT T 0 0 0 | 21/64
FIT F 0 0 0 | 11/64
F| F T 0 0 0 | 11/64
F| F F 0 0 | 0 | 5/64
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As the Hypothetical Priors Theorem requires, Pry; is a probability distribution
(the values in the Pry column are non-negative and sum to 1), and it’s regular
(no contingent proposition receives a 0). Pry; stands in the desired relationship
to each of cry, cr,, and cry: each of those distributions can be obtained from
Pry by conditionalizing on Ava’s total evidence at the relevant time. To take one
example, consider cr,. E, is N & Ha. To conditionalize Pry on N & Ha, we write
a zero on each line whose state-description is inconsistent with N & Ha. That
puts zeroes on the third through eighth lines of the table. We then multiply the
Pry values on the first and second lines by a constant (in this case, 8) so that
the results sum to 1. This yields the cr, distribution in the table. With a bit of
work you can verify that cr; results from conditionalizing Pry on E;, and cr;
is the result of conditionalizing Pry; on E;.

The hypothetical prior I wrote down isn’t unique. I could have written down
(infinitely) many other regular, probabilistic distributions that stand in the
required relation to cr; through cr;. This reveals that the information in the
original table underdescribes Ava’s ultimate epistemic standards, even over our
fairly limited language £. For instance, the original table doesn’t tell us what
credences Ava would've assigned had she learned before ¢; that at least one of
the coins was biased. The Pry I've provided makes very specific assumptions
about Ava’s tendencies for that case. (For a fun exercise, figure out what that
Pry assumes about the biased coins in the bin.) But I could’ve made different
assumptions, and generated a different hypothetical prior consistent with cr;
through cr;.

Interestingly, those assumptions don't matter much for practical purposes.
Suppose youre working with the series of credence distributions an agent
assigned up to some designated time. Typically there will be multiple hypo-
thetical priors consistent with that series of distributions. Those hypothetical
priors will differ on what attitudes the agent would have assigned had she
received different bodies of total evidence prior to the designated time. But
given the course of evidence the agent actually received and series of credence
distributions she actually assigned, every hypothetical prior consistent with
that series of distributions will make the same predictions about how she will
respond to particular pieces of evidence after the designated time. (Assuming
she continues to conditionalize.) For instance, every hypothetical prior con-
sistent with Ava’s cr; and cr, distributions will predict the same response to
her learning ~Hb between t, and #;. So which of the available hypothetical
priors we use to represent a particular agent’s epistemic standards turns out to
be irrelevant going forward.
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On the other hand, when distinct agents have different hypothetical priors,
those differences can be important. Plugging an agent’s total evidence at a given
time into her hypothetical prior yields her credence distribution at that time.
When two agents have different hypothetical priors, plugging in the same body
of total evidence may yield different results. So two agents may assign different
credences to the same proposition in light of the same total evidence. The
difference in hypothetical priors is a Bayesian’s way of representing that these
agents interpret evidence differently, and so may draw different conclusions
from the same total body of information.

The obvious next question is whether they can both be rational in doing
so. Evidence and epistemic standards come up in a variety of contexts in
epistemology. As we've just seen, Bayesian epistemology provides an elegant
formal apparatus for separating out these two elements. But once we've isolated
them, the next question to ask about ultimate epistemic standards is whether
anything goes. Is any hypothetical prior rational, so long as it’s probabilistic?
Some probabilistic hypothetical priors will be anti-inductive, or will recom-
mend highly skeptical attitudes in the face of everyday bodies of total evidence.
Can we rule out such hypothetical priors as rationally impermissible? Can we
go even farther than that, laying down enough rational constraints on ultimate
epistemic standards so that any time two agents interpret the same evidence
differently, at least one of them must be interpreting it irrationally? This will
be our first topic in Chapter 5, as we distinguish Objective from Subjective
Bayesianism.

4.4 Exercises

Unless otherwise noted, you should assume when completing these exercises
that the credence distributions under discussion satisfy the probability axioms
and Ratio Formula. You may also assume that whenever a conditional credence
expression occurs or a proposition is conditionalized upon, the needed propo-
sition has nonzero unconditional credence so that conditional credences are

well-defined.

Problem 4.1. 2 Galileo intends to determine whether gravitational accelera-
tion is affected by mass by dropping two cannonballs with differing masses
off the Leaning Tower of Pisa. Conditional on there being no effect, he is
95% confident that the cannonballs will land within 0.1 seconds of each other.
(The experiment isn’t perfect—one ball might hit a bird.) Conditional on mass
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affecting acceleration, he is 80% confident that the balls wor’t land within

0.1 seconds of each other. (There’s some chance that although mass affects

acceleration, it doesn’t have much of an effect.)!’

(a) Before performing the experiment, Galileo is 30% confident that mass
does not affect acceleration. How confident is he that the cannonballs
will land within 0.1 seconds of each other?

(b) After Galileo conditionalizes on the evidence that the cannonballs
landed within 0.1 seconds of each other, how confident is he in each

hypothesis?

Problem 4.2. 2 Prove that conditionalizing retains certainties. In other
words, prove that if cr;(H) =1 and cr; is generated from cr; by Condition-
alization, then cr;(H) = 1 as well.

Problem 4.3. 22 Prove that conditionalization is cumulative. That is, prove
that for any cr;, crj, and cry, conditions 1 and 2 below entail condition 3.

1. For any proposition X in £, cr;(X) = cri(X| E).

2. For any proposition Yin £, cri(Y) = cr(Y| E').

3. For any proposition Zin £, cri(Z) = ct(Z|E& E').

Problem 4.4. 29

(a) Provide a real-life example in which an agent conditionalizes on new
evidence, yet her credence in a proposition compatible with the evidence
decreases. That is, provide an example in which H and E are consistent,
yet cry(H) < cr(H) when E is learned between ¢; and ¢,.

(b) Prove that when an agent conditionalizes on new evidence, her cre-
dence in a proposition that entails the evidence cannot decrease. That
is, when H F E, it must be the case that cr,(H) > cr{(H) when E is
learned between #; and ¢,.

(c) Prove that aslongas cr;(H) and cr, (E) are both nonextreme, condition-
alizing on E increases the agent’s credence in H when H = E.%

Problem 4.5. 29 Reread the details of the Base Rate Fallacy example in
Section 4.1.2. After you apply the diagnostic test once and it yields a positive
result, your odds for D should be 9 : 999.

(a) Suppose you apply the test a second time to the same subject, and
it yields a positive result once more. What should your odds for the
subject’s having the disease be now? (Assume that D screens off the
results of the first test from the results of the second.)
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(b) How many consecutive tests (each independent of all the prior test
results conditional on both D and ~D) would have to yield positive
results before your confidence that the subject has the disease exceeded
50%?

(c) Does this shed any light on why patients diagnosed with rare diseases
are often advised to seek a second opinion? Explain.

Problem 4.6. Your friend Jones is a gambler. He even gambles about whether
to gamble! Every time he goes to the track, he flips a fair coin to determine
whether to bet that day. If it comes up heads he bets on his favorite horse,
Speedy. If it comes up tails he doesn’t bet at all.

On your way to the track today, you were 1/6 confident that out of the six
horses running, Speedy would win. You were 1/2 confident that Jones’s coin
would come up heads. And you considered the outcome of the horse race
independent of the outcome of the coin flip. But then you saw Jones leaving
the track with a smile on his face. The smile tells you that either Jones bet on
Speedy and won, or Jones didn’t bet and Speedy didn’t win.?!

(a) 2 Using a language with the atomic propositions H (for heads on the
coin) and S (for a Speedy win), express the information you learn when
you see Jones smiling.

(b) 2 After updating on this information by conditionalizing, how con-
fident are you that Speedy won? How confident are you that the coin
came up heads?

(c) 229 Explain why one of the unconditional credences you calculated
in part (b) differs from its prior value and the other one doesn’t. Be sure
to include an explanation of why that unconditional credence was the
one that changed out of the two. (“Because that’s what the math says” is
not an adequate explanation—we want to know why the mathematical
outcome makes serise.)

(d) 2 Evaluate the following claim: “If an agent starts off viewing proposi-
tion X as irrelevant to proposition Y, then learning that X and Y have the
same truth-value shouldn’t change that agent’s credence in Y?” Explain
your answer.

Problem 4.7. 9 At t,, t,, and 13, Jane assigns credences over the language
£ constructed from atomic propositions P and Q. Jane’s distributions satisfy
constraints 1 through 6:
1. At t;, Jane is certain of QD P, anything that proposition entails, and
nothing else.
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2. Between t; and t, Jane learns P and nothing else. She updates by condi-
tionalizing between those two times.

. cr(Q|P) =2/3.

. cr3(Q|~P) = 1/2.

.cr3(PD Q) =cry(PD Q).

. At t3, Jane is certain of ~(P & Q), anything that proposition entails, and
nothing else.

A U1 W W

(a) Completely specify Janes credence distributions at £, and ;.

(b) Create a hypothetical prior for Jane. In other words, specify a regular
probabilistic distribution Pry over £ such that cr; can be generated
from Pry by conditionalizing on Jane’s set of certainties at #;; cr, is Pry
conditionalized on Jane’s certainties at #,; and cr; is Pry conditionalized
on Jane’s t; certainties.

(c) Does Jane update by Conditionalization between t, and ¢;? Explain how
you know.

(d) The Hypothetical Priors Theorem says that if an agent always updates
by conditionalizing, then her credences can be represented by a hypo-
thetical prior distribution. Is the converse of this theorem true?

Problem 4.8. 299 In this exercise we'll prove the Hypothetical Priors The-
orem, by showing how to construct the needed Pry for any given series of
credences.
Start by supposing we have a finite series of credence distributions
{cry,cry, ..., cr,}, each of which satisfies the probability axioms and Ratio
Formula. Suppose also that each cr; is related to cr;y; as specified by
Conditionalization. Then, for each cr;, define E; as a proposition logically
equivalent to the conjunction of all the propositions receiving cr; values of 1.2
(a) Let’s start by focusing only on cr;, the first credence distribution in
the series. Describe how, given cry, to construct a regular probability
distribution Pry such that cr; results from conditionalizing Pry on E;.
(It might help here to review the Ava example from page 111ff.)

(b) Now, using the cumulativity of conditionalization, explain why the fact
that cr; results from conditionalizing Pry on E; guarantees that for
every cr; in the series, cr;(-) = Pry(- | E;).

Problem 4.9. #9$ Suppose you have a finite partition {B;,B,, ...B,} of
propositions from £. Suppose also that between ¢, and , you conditionalize
on evidence equivalent to a disjunction of some of the Bs. Prove that for any
A in £ and any B; such that cr,(B;) > 0,
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cry(A|B) = cri(A [ By)
Problem 4.10. # Do you think only one set of ultimate epistemic standards is
rationally permissible? Put another way: If two agents’ series of credence dis-

tributions cannot be represented by the same hypothetical prior distribution,
must at least one of them have assigned irrational credences at some point?

4.5 Further reading

INTRODUCTIONS AND OVERVIEWS

Ian Hacking (2001). An Introduction to Probability and Inductive Logic.
Cambridge: Cambridge University Press

Chapter 15 works through many excellent examples of applying Bayes’s Theo-
rem to manage complex updates.

Crassic TEXTS

Rudolf Carnap (1947). On the Application of Inductive Logic. Philosophy
and Phenomenological Research 8, pp. 133-48

Section 3 contains Carnap’s original discussion of the Principle of Total
Evidence.

EXTENDED DISCUSSION

Paul Teller (1973). Conditionalization and Observation. Synthese 26,
pp. 218-58

Offers a number of arguments for the Conditionalization updating norm. (In
Chapter 9 we'll discuss the Dutch Book argument for Conditionalization that
Teller provides.)

Isaac Levi (1980). The Enterprise of Knowledge. Boston: The MIT Press

Though Levi’s notation and terminology are somewhat different from mine,
Chapter 4 thoroughly works through the mathematics of hypothetical priors.
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Levi also discusses various historically important Bayesians’ positions on how
many distinct hypothetical priors are rationally permissible.

Christopher J.G. Meacham (2016). Ur-Priors, Conditionalization, and Ur-
Prior Conditionalization. Ergo 3, pp. 444-92

Meacham considers a number of possible interpretations of hypothetical
priors, and how they might be linked to an agent’s credences at specific times
by Conditionalization.

Notes

1. Remember that ! is not a prime number, while 2 is!

2. Abit of reflection on Equation (4.2) will reveal that the constant by which we multiply
in the second step of our process—the normalization factor—is always the reciprocal
of the agent’s initial unconditional credence in the evidence. In other words, the second
step divides all nonzero state-description credences by cr;(E).

3. We can also now see an alternate explanation for steps (3.51) and (3.53) of Lewis’s trivi-
ality proof from Section 3.3. The proposal assessed there is that for some conditional —,
the agent’s conditional credence cr(Z | Y) for any Yand Z in £ equals her unconditional
credence in Y — Z. Whatever motivates that proposal, we should want the proposal to
remain true even after the agent learns some information X. If the relevant values are
going to match after conditionalization on X, it must be true before conditionalization
thatcr(Y — Z|X) = cr(Z]| Y & X), which is just Equation (3.59).

4. Thanks to Joel Velasco for discussion, and for the example.

5. For reasons we are now in a position to understand, the term “posterior” is sometimes
used ambiguously in the Bayesian literature. I have defined “posterior” as an agent’s
conditional credence in the hypothesis given the evidence—cr(H|E). If the agent
updates by conditionalizing on E, this will equal her unconditional credence in the
hypothesis after the update. The terms “prior” and “posterior” come from the fact that
on an orthodox Bayesian position, those quantities pick out the agent’s unconditional
credences in the hypothesis before and after the update. But unorthodox Bayesians who
prefer an alternative updating rule to Conditionalization nevertheless sometimes refer
to an agent’s post-update credence in a hypothesis as her “posterior”. As I've defined the
term, this is strictly speaking incorrect.

6. An acquaintance involved with neuroscientific research once claimed that when a
prisoner in the American penal system comes up for parole, a particular kind of brain
scan can predict with greater than 90% accuracy whether that prisoner will, if released,
be sent back to jail within a specified period of time. He suggested that we use this
brain scan in place of traditional parole board hearings, whose predictive accuracy is
much lower. To get at some of my ethical concerns with this proposal, I asked why we
don't just apply the brain scan to everyone in America, rather than waiting to see if a
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10.

11.

12.

person winds up in jail. He replied that the base rates make this impractical: While the
recidivism rate among prisoners is fairly high, the percentage of Americans who wind
up in jail is much lower, so the scan would generate far too many false positives if used
on the general population.

. InSection 2.2.3 1 mentioned that Bayesians often work with an agent’s set of doxastically

possible worlds instead of the full set oflogically possible worlds, understanding “mutu-
ally exclusive” and “tautology” in the Kolmogorov axioms in terms of this restricted
doxastic set. The Regularity Principle concerns the full set of logically possible worlds—
it forbids assigning credence 0 to any proposition that is true in at least one of them.

So for the rest of this section, references to “contingent propositions”, “tautologies”, etc.
should be read against that full logical set of possibilities.

. What most of us call the “Regularity Principle” Dennis Lindley dubbed “Cromwell’s

Rule”. He wrote, “A simple result that follows from Bayes’ theorem is that it is inadvisable
to attach probabilities of zero to uncertain events, for if the prior probability is zero so
is the posterior, whatever be the data.... In other words, if a decision-maker thinks
something cannot be true and interprets this to mean it has zero probability, he will
never be influenced by any data, which is surely absurd. So leave alittle probability for
the moon being made of green cheese; it can be as small as 1 in a million, but have it
there since otherwise an army of astronauts returning with samples of the said cheese
will leave you unmoved.... As Oliver Cromwell told the Church of Scotland, ‘T beseech
you, in the bowels of Christ, think it possible you may be mistaken’” (Lindley 1985,
p- 104, emphasis in original). (Thanks to Patrick Cronin for bringing this to my attention
and to Wikipedia for the reference.)

. Throughout this section I identify credence 1 with absolute certainty in a proposition

and credence 0 with ruling that proposition out. This becomes more complicated when
we consider events with infinitely many possible outcomes; the relevant complications
will be addressed in Chapter 5.

Observation selection effects pop up all over the place in real life—perhaps you
think the refrigerator light is always on because it’s on whenever you open the door
to look. Here’s my favorite example: During World War II, the American military
showed mathematician Abraham Wald data indicating that planes returning from
dogfights had more bullet holes in the fuselage than in the engine. The military was
considering shifting armor from the engine to the fuselage. Wald recommended exactly
the opposite, on grounds that it was the returning planes that had holes in the fuselage
but not the engines (Wainer 2011, recounted in Ellenberg 2014, pp. 12-3).

A similar situation occurs in Bradley (2010): Colin Howson argued that a so-called
“Thomason case” provides a counterexample to Conditionalization. Bradley replies that
if we analyze the agent’s total evidence in the case—including evidence about how he
came to have his evidence—the supposed counterexample disappears.

You may have noticed that in the Monty Hall Problem, accounting for the agent’s total
relevant evidence required us to move from a coarser-grained partition of her doxastic
possibilities (Prize behind door A/B/C) to a finer-grained partition (Prize behind A &
Monty reveals B, Prize behind A & Monty reveals C, etc.). Whether a conditionalization
yields the right results often depends on the richness of the language in which the agent
represents her doxastic possibilities; a language without enough detail may miss aspects
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of her total relevant evidence. For more on selecting an appropriately detailed language
for updating, and some formal results on how one can know when one’s language is rich
enough, see Titelbaum (20134, Ch. 8).

Ilearned of Lewis’s “superbaby” talk from Alan Héjek. Susan Vineberg suggested to me
that Lewis’s inspiration for the term may have been L]. Good’s (1968) discussion of “an
infinitely intelligent newborn baby having built-in neural circuits enabling him to deal
with formal logic, English syntax, and subjective probability”—a discussion to which
we shall return in Chapter 6.

The earliest sustained usage [ can find of the phrase “epistemic standards” occurs in
Foley (1987, p. 33f.). While Foley may have coined the name, he wasn't the first to
discuss the notion I'm calling “ultimate epistemic standards”—Levi (1980) has a similar
notion of “confirmational commitments”, and in Chapter 6 we'll see Carnap proposing
a similar thing much earlier. Levi’s discussion is particularly important because it lays
out the mathematical formalism for epistemic standards 'm about to present.

While we're discussing terminology: Given the choice, Id prefer the term “evidential
standards” to “epistemic standards”, because the former emphasizes the standards’
taking evidence as their inputs, while the latter introduces an unwanted association with
knowledge. Yet the “epistemic standards” terminology is so entrenched at this point that
I've given up fighting against it. (Thanks to Laura Callahan for the pointer to Foley.)
Compare: When we speak admiringly of someone’s “high moral standards”, I don’t think
were necessarily attributing the possession of systematic moral principles. This way of
talking seems as compatible with virtue ethics as any other moral approach.

Catrin Campbell-Moore pointed out to me that the Hypothetical Priors Theorem
assumes that a contingent proposition receives credence 1 att; only if it is entailed by E;.
If this assumption fails, we will still be able find at least one hypothetical prior Pry for
the series of credence distributions, but no regular hypothetical prior will be available.

The assumption reflects the idea that the only thing that can justify certainty in
a contingent proposition is empirical evidence. It’s interesting to think about cases
in which this assumption might fail. It might be that particular propositions, despite
being logically contingent, nevertheless merit rational a priori certainty. Or another
way the assumption could fail is if credence 1 doesn’t always represent certainty. We'll
see examples where this might occur in Section 5.4.

This is why defining hypothetical priors as regular does not commit us to the Regularity
Principle as a constraint on rational agents’ credences. We make hypothetical priors reg-
ular so they will remain independent of contingent evidence, and therefore capable of
representing extra-evidential influences on an agent’s attitudes. But since hypothetical
priors aren’t credences, this doesn’t say anything about whether credences should be
regular or not. Moreover, the Hypothetical Priors Theorem applies only to agents who
update by Conditionalization, while Conditionalization conflicts with the Regularity
Principle.

In the Bayesian literature, the terms “initial prior”, “ur-prior”, and “hypothetical prior”
are often used interchangeably. To me, the former two connote that the prior was
assigned by the agent at some early time. So I've selected “hypothetical prior” to
emphasize the use of a mathematical representation that does not correspond to any
credences the agent ever actually assigned. Unfortunately, the term “hypothetical prior”
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19.
20.
21.
22,

has also been used for a very specific notion within the literature on the Problem of Old
Evidence (as in Bartha and Hitchcock 1999, p. $349). Here I simply note the distinction
between that usage and the one I intend; I'll explain the alternate usage in Section 12.1.3.
This is a version of a problem from Julia Staffel.

This problem was inspired by a problem of Sarah Mosss.

This story is adapted from Hart and Titelbaum (2015).

We define E; this way for reasons discussed in note 16.



